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WELCOME TO THE MEDITERRANEAN JOURNAL OF MEASUREMENT AND CONTROL

We would like to welcome you all to the fifth volume - first issue - of The Mediterranean
Journal of Measurement and Control. This issue of the journal, comprising of five papers, is
dedicated to the latest research work being done in the analyses of modeling and control of
dynamic systems, power control, enhanced measurements, and artificial intelligence.

The first paper by Chen deals with sinusoidal model fitting that plays an important role in
measuring the effective number of bits of an ADC. However, the most attractive fitting, four-
parameter sine wave fitting based on the least square error principle, is nonlinear. An iterative
approach to such a problem necessitates the initial frequency. In this paper, the complication of
inappropriate initial values was reviewed firstly, and then an explicit approach was presented to
obtain the initial frequency. This new approach makes use of three spectrum lines around the
main lobe of the fast Fourier transform (FFT) and can work with a short record. Finally, it was
tested by simulation signals contaminated with different levels of noise, with the lowest signal-
to-noise being -3.01dB. The results from noise-free cases indicate that the frequency error of the
proposed approach is no greater than 0.0006 times of the FFT resolution. Regarding to the noise
cases, insofar as the simulated trials, the average difference between the empirical variance and
the Cramer-Rao bound (CRB) is less than four dBs. The CRB can be reached after only one round
of iteration starting from the initial frequency obtained from the proposed approach.

The second paper by Lourci deals with the stability problem of the input DC voltages in a
five levels diode clamped inverter which is recalled and illustrated in this paper. A knowledge
model of this converter using switching functions and a space vector PWM strategy is
demonstrated in detail. To investigate the instability problem of the input DC voltages of the
inverter, authors studied a cascade constituted by a two levels rectifier - five levels diode
clamped inverter - induction motor. To solve this problem, the rectifier output voltage has been
stabilized using the sliding mode control, while balancing the input DC voltages of the five
levels diode clamped inverter by using redundant vectors of the space vector PWM strategy. The
obtained results show the effectiveness of this method which can be used to stabilize the input
DC voltages of the multilevel converters.

The third paper by Benghanem develops an explicit model for accurate simulation of the I-
V characteristic of photovoltaic (PV) cells and modules under various climatic conditions is
described. The proposed model is found to be reliable and accurate in the situations where the
model is a good approximation of cell or module performance. The developed model has been
compared with the traditional I-V characteristic and with some experimental results. The
obtained results showed the effectiveness of the proposed model. Moreover, an experimental
method is proposed to determine the series resistance and shunt resistance of the PV cells and
modules.
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The fourth paper by Saadaoui deals with PID controller design for time delay systems
using genetic algorithms, where stabilizing regions of a PID controller applied to a class of time
delay systems are computed using parametric methods. A necessary condition is used to obtain
the admissible ranges of proportional and derivative gains. Then, for a fixed value of one of these
parameters within this admissible range, stabilizing regions in the space of the remaining two
parameters are determined. Stabilization being the most basic requirement in any controller
design problem, once this property is guaranteed, a search among these stabilizing controllers
those that satisfy other performance specifications can be established. This step is carried out
using the genetic algorithm optimization method. Time domain measures of the closed loop
system such as maximum percent overshoot, rise time and settling time are minimized using
genetic algorithms and the stabilizing regions of the PID controller values. Examples are given to
demonstrate the effectiveness of this proposed approach.

Finally, the fifth paper by Yeung proposes a decentralised controller design procedure for
weakly coupled systems. A key feature of the design method is that the problem of designing a
complete decentralised controller is replaced by several simpler local design problems. This is
achieved by introducing a decomposition condition, which imposes local design constraints.
This means that the design of each local controller is completely decoupled from other
controllers. This has both design, and computational benefits. For the design, as long as each
local controller satisfies the local decomposition condition, its design will be independent of the
other controllers. In turn, this facilitates tuning and commissioning of the controller and the
various design stages such as the choice of weighting functions. Most importantly this means
that each of the loop-controllers is locally tunable. To achieve this, the decomposition condition
is combined into a set of linear matrix inequalities (LMIs), then a sub-optimal robust solution for
this type of control problem is obtained. The approach has been applied to several numerical
examples and used for a case study of a gas turbine engine controller design.

January 2009

Dr. Mohamed H. Mahmoud
Editor-in-Chief
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AN APPROACH TO INITIALIZE FOUR-PARAMETER SINE
WAVE FITTING
K. F. Chen
College of Sciences, China Agricultural University, P. R. China
ABSTRACT
Sinusoidal model fitting plays an important role in measuring the x(2) = Ay cos(@yt +@y) + By +n, 1)

effective number of bits of an ADC. However, the most attractive
fitting, four-parameter sine wave fitting based on the least square
error principle, is nonlinear. An iterative approach to such a
problem necessitates the initial frequency. In this paper, the
complication of inappropriate initial values was reviewed firstly,
and then an explicit approach was presented to obtain the initial
frequency. This new approach makes use of three spectrum lines
around the main lobe of the fast Fourier transform (FFT) and can
work with a short record. Finally, it was tested by simulation
signals contaminated with different levels of noise, with the lowest
signal-to-noise being -3.01dB. The results from noise-free cases
indicate that the frequency error of the proposed approach is no
greater than 0.0006 times of the FFT resolution. Regarding to the
noise cases, insofar as the simulated trials, the average difference
between the empirical variance and the Cramer-Rao bound (CRB)
is less than four dBs. The CRB can be reached after only one round
of iteration starting from the initial frequency obtained from the
proposed approach.

Keywords

Four-Parameter Sine Wave, Least Square Error, Fast Fourier
Transform (FFT), Cramer-Rao Bound, Analog-to-Digital
Converter, Iteration.

1. INTRODUCTION

Fitting sinusoidal models to recorded data plays an important
role in several communities, e.g., in connection with analog-
to-digital converters (ADC) and digital oscilloscopes [1-4],
chronobiology [5-9] (A proper noun “cosinor” is used),
astrophysics [10-15], image processing [16-18], and vestibulo-
ocular reflex [19-21]. Since the accuracy of estimated sine
wave parameters is crucial in measuring the effective number
of bits [4, 22], sinusoidal model fitting has been causing a stir
in the ADC community for quite some time. Algorithms have
been standardized in IEEE Standards 1057 and 1241.

Assume that the recorded data consist of the samples sequence
Yo V1 ---Yn_1» collected at time instants ¢ = iAt for
i = 0~N-1, where At is the sampling interval. The FPSW
model is
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where 4,, B,, ¢, and o, are the four parameters, the
amplitude, offset, initial phase and frequency, respectively; n,
is noise.

Eq. (1) has four parameters. If the frequency is known, the
three-parameter fitting algorithm can be implemented readily,
for the solution is explicit. A straightforward way to specify
the frequency is the nominal input frequency. However, the
nominal input frequency may not be always available.
Moreover, in some cases, the three-parameter fitting may not
be reliable although the frequency has a minor error. For
example, Baccigalupi has shown that the uncertainty of only
0.01% around its nominal value can lead to significant error
[23].

The most attractive algorithm derives from the principle of
least square error (LSE), which is four-parameter sine wave
(FPSW) fitting. It seeks parameters 4, B, ¢ and o to
minimize the following error square sum:

N-l )
E(4,B,0,0)=Y " [y, —x(A)F
= Zlgl[yi — Acos(at, + @) — BT

It is equivalent to the maximum-likelihood estimator in the
case of the Gaussian noise.

2

This estimator is intrinsically nonlinear, and is solved by the
numerical iteration in most literature. To improve the
numerical performance, some techniques to improve the
iteration robustness were suggested, for example, singular
value decomposition (SVD) [24], hybrid Newton Gauss-
Newton algorithm [25], normalization [26, 27], Gram-Schmidt
orthogonalization (GSO) [28], and others. The method based
on the GSO is very efficient, and its computation burden in
each round is down by an order of O(3N), significantly lower
compared to the SVD technique.

One paramount issue in iteration is the initial value, which is
the central topic of this paper. An efficient approach to obtain
the initial value for the FPSW fitting will be proposed and
tested systematically. It will be demonstrated that the bias
error of the proposed approach is no greater than 0.0006 times
of the FFT resolution for noise free cases. The noisy cases
show that the Cramer-Rao bound (CRB) can be reached after
only one round of iteration with the initial frequency obtained
by the new approach.

The rest of the paper is organized as follows: In Section 2, the
complication with inappropriate initial values will be
investigated. In Section 3, a new concise approach will be
derived from the discrete spectrum property of a truncated sine
wave. In Section 4, the new approach will be tested by
simulated signals contaminated with different levels of noise.
Finally, conclusions are summarized in Section 5.
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Figure 1. Illustrating the importance of the initial frequency in FPSW fitting

In (a), the simulation signal of the case 1 (solid line) covers 8.1487 cycles, and the
case 2 (dashed line), 1.5 cycles. Other parameters of both cases are the same,
@y =0°, B, =0, 4, = 1. The sampling size is N = 256, and sampling interval,
At = 1s. The vertical dot-line cross (b) and (c) shows that the global minimum of
the error curve aligns with one zero of the derivative. However, the error derivatives
in (c) have many other zeros. Starting from inappropriate initial frequency, the
seeking zeros iteration can definitely converge to zeros other than o, .

2. INITIAL VALUES

This section will discuss the importance of good initial values
for minimizing the error square sum in Eq. (2).

Minimizing E(A4, B, ¢, ®) in Eq. (2) is intrinsically nonlinear,
which necessitates an iterative approach. With an iterative
algorithm, convergence, computational efficiency and
accuracy must be considered. They can be influenced by some
or all of the following factors: initial values, method of
calculation, stopping criteria [3], sampling density, and
number of samples [29]. Further relevant factors include
harmonic distortion, random noise, quantization error, and
others [29]. For the case of a few cycles in record (CiR), some
researchers have reported that the initial phase plays a role as
well [30].

Of the aforementioned factors, the initial values are utmost
important. Starting from an arbitrary initial value, the iteration
may not converge. Or even though converged, but the results
from different initial values may not converge to the unique
global minimum due to possible trapping at a local minimum
[29].

2.1 An Hlustration

It must be pointed out that the frequency ® is prior among the
four initial parameters, because the other three parameters can
be determined readily by the three-parameter fitting if o is
known. To illustrate the importance of the initial frequency @
pictorially, Fig. 1 outlines two simplified cases of the error £
of Eq. (2) varying with frequency.

The simulation signals in Fig. la are the perfect sinusoidal
waves free of noise, which are generated by the model Eq. (1).
Two line styles stand for two cases of w,, case 1: @, = 0.2

rad/s, and case 2: @, = 0.0358 rad/s, respectively. Other
parameters are listed in the illustration of Fig. 1.

Saying strictly, E is a function of four variables, 4, B, ® and
@ . Therefore, E is a hyper-surface in a five-dimension space
while varying all four variables. For highlighting the
significance of the initial frequency, we assume that 4, B and
@ are the same as those used in generating y;. We examine that
the error £ of this simplified case varies as the frequency @,
which is shown in Fig. 1b.

Both error curves are zero (the minimum) at @ = @, . To find
the minimum £ efficiently, most algorithms exclusively use
the necessary condition when the error derivative is zero. The
error derivative is shown in Fig. 1c. We can see that it is
indeed zero when @ = @, . However, we can also find that the
error derivatives have many other zeros, which are aligned
with either the local minimums, or the local maximums of the
error curves in Fig. 1b. Obviously, if the frequency is far from
@, , an iterative approach of seeking the derivative’s zeros will
converge to the nearby local minimum or maximum of the
error curves in Fig. 1b.

2.2 Some Remarks

To find the global minimum, some issues must be dealt with
practically. The first is the practical criterion of the global
minimum. An immediate idea is finding local minimums as
many as possible, and picking up one from them. However,
this cannot ensure that the smallest one is the actual global
minimum definitely. Interestingly, the global minimum is zero
in Fig. 1b, but it has to be pointed out that, in practice, the
global minimum is not zero, due to the noise and model bias.

The second point is how the iteration being released from the
local minimum trapping, which influences the computational
efficiency significantly. Most algorithms are local convergent,
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for example, the Newton method. A local convergent method
will converge to the solution nearby the initial value. This
property is reasonable generally, because most approaches to a
nonlinear problem are based on approximating the nonlinearity
with a linearity, which can work only with a relative small
increment. Moreover, we are more familiar with the profile of
the objective function close to the initial values than that far
away from the initial values; therefore, we are more confident
in the meaning of the solution nearby the initial values. In
addition, if multiple solutions are interested, the local
convergent method enables us to find them one by one.

However, for FPSW fitting, we are only interested in the
global minimum. Spending too much time around the local
minimum or local maximum is definitely inefficient. In
practice, this may be compromised by comparing the error
trend in the current converging route with the recorded
minimum. If the former is significantly greater than the
recorded, the current searching is interrupted.

The third point is how the iteration can be engaged in
converging to the global minimum. One way is exhaustingly
searching with the initial frequency scanned by a very small
step. Obviously, this is not efficient. Another is randomly
setting the initial frequency in the allowable bracket (so-called
the evolutionary algorithm). However, both methods cannot
guarantee success, particularly for the case when the local
minimum is not well separated.

The fourth point is how to deal with the case with a few CiRs.
The sampled signal with many CiRs has a little bit better
behavior, compared to that with a few one. In Fig. 1, the error
curve of case 1 (solid line, CiRs = 8.1487) and its derivative
are approximately symmetrical about @ = @, and the local
minimums appear regularly with an interval about A® on both
sides of @ = @, . The local maximums also intersperse those
minimums uniformly. However, case 2 (dash line, CiRs = 1.5)
is different, which can be due to the interference from the
“negative” frequency, since this case covers only 1.5 cycles.
Therefore, the behavior of the error and error derivative is
more sophisticated; consequently, convergence to the global
minimum necessitates a more meticulous requirement on the
initial frequency.

It should be noted that Fig. 1b and Fig. lc are only the
simplified cases. During practical FPSW fitting, all four
parameters change simultaneously. Thus, the properties of the
error function are more difficult. As a result, converging to
local minimums can occur more frequently.

2.3 Initial Values from Non-iterative Method

In IEEE standards, it was suggested that the initial frequency
can be estimated by using a discrete Fourier transform (either
on the full record or a portion of it), or by counting zero
crossings, or simply by using the nominal (applied input)
frequency [3]. More generally, the initial frequency can be
obtained from any approach developed in the signal processing
community. The requirement is non-iterative and of easy
operation.

Interestingly, although the most attractive FPSW fitting is
nonlinear, some concise non-iterative approaches have already
been proposed in light of some approximations. These methods
can certainly be utilized to obtain the initial frequency, too.
For example, Zhang [31] has presented a non-iterative method,
which is based on the property that four consecutive samples

from a noise free FPSW model follow a linear equation.
Baccigalupi has also presented a non-iterative approach
according to the linear phase relationship for a noise free
model [23].

Spectrum analysis is predominant in estimating frequencies,
which are approximated with the frequencies corresponding to
the eminent spectrum peaks. Indeed, as aforementioned, this
method was suggested in IEEE Standards 1057 and 1241 to
obtain the initial frequency of the FPSW fitting.

Most spectrum analysis utilizes the FFT. However, due to the
frequency domain sampling of the canonical FFT, the
frequency read from the FFT discrete spectrum line has the
constant resolution limit A@w = 2n/T, and is subjected to the
leakage [32-37]. The frequency sampling dense can be
increased by the padding-zero technique [38] or the chirp Z-
transform [39, 40]. The interpolated FFT is another approach
to increase the frequency accuracy [41, 42]. Mishra [43] has
verified this method for evaluating ADC. Most results listed in
[43] are of frequency accuracy up to 0.01%.

The interpolated FFT method was tested generally on the
simulation signal free of noise and with the CiRs greater than
twenty in [43]. In ADC application, the case of a few CiRs
appears frequently. Whether the interpolated FFT can work
with this case is still an open question, but it can be predicted
that its accuracy will deteriorate, since the interpolation is
based on the cisoid model. For the case of a few CiRs, the
negative frequency will interfere with the peak of the positive
frequency materially. In addition, the interpolated FFT was
mostly tested on the noise free simulation data in [43]. Actual
data in the ADC application is subjected to noise definitely.
Finally, although the frequency error is as low as 0.01% in
[43], Baccigalupi has concluded that such error scale can still
lead to significant error [23].

3. NEW PROPOSAL

In this section, the spectral property of a truncated sine wave
will be investigated; then a new proposal to initializing the
FPSW fitting will be derived.

3.1 Discrete Spectrum of Truncated Sine
Wave

We have proposed an explicit approach based on the Hanning
window [44]; however, windowing is seldom used in FSPW
fitting. Therefore, an approach without windowing will be
presented here.

To derive this approach, the noise term in Eq. (1) is temporally
ignored. Accordingly, the remaining part can be expressed as
the summation of the offset (its frequency is zero) and two
cisoid waves with circular frequencies @ . From the view of
the Fourier series analysis, the three Fourier coefficients
corresponding to frequency 0 and *w, are finite. From the
viewpoint of the Fourier transform, the frequency spectrum
possesses three infinite peaks at 0 and +aj, .

As for practical signal collecting and processing, the infinite
time presumption implied in the above argument is not
applicable. All algorithms and measurements can only be
applied to the data over a finite durative period. Assuming that
the model Eq. (1) is truncated over [0, 7], and the signal
beyond [0, 7] is zero, then its Fourier transform X(®)
becomes a continuous finite function as
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X(w)= IOT x(t)exp(— jort)dt
3)
= J()T[AO cos(wyt +¢,) + B, lexp(—jor)dt

In light of the properties of the Fourier transform and the sine
wave, X(w) can be written explicitly as

X(a)) — exp(j¢o)D(a) - a)o) + exp(_j¢o)D(w+ wo)

-, ®+ @,
B, D(w) @
+2—L===7
4, o
Here,
D(w)= 4, exp(—jchjsinsz 5)

Generally, the spectrum analysis is speeded up by the fast
Fourier Transform (FFT). With regard to FFT, the frequency
sampling interval Aw is 2n/T. Now, let us check three FFT
spectrum lines at o, = kiAo, 0, = hAo, 0, = kAo,
where all the k| <k, <k; are integers. It is easy to verify that

D(w, —w,) = D(w, - v,) = D(o, — o,) (6)

and the third term of Eq. (4) is zero at @, , @, , @5 (temporally
we assume @, #0). We denote that

D' = exp(jgaO)D(a)k - w())

B ) fork=1~3 )
D™= exp(_]¢o)D(wk +ay,)

3.2 New Approach

According to Eq. (4) and (7), for any three consecutive
spectrum lines at @;, @,, @;(w,#0), they observe the
following three simultaneous equations

. )
D, D ¥@)=0
a)l_a)o a)1+0)0
. )
D, D X(w)=0 ®
a)z_a)o 0)2+CO0
. |
D" D X(w)=0
a)3_0)0 C!)3+CZ)O

If D™ and D~ are treated as the unknown variables, they occur
linearly in Eq. (8). Thus if Eq. (8) is treated as homogeneous
linear simultaneous equations, then the solution vector is
{D*, D", -1} 7. The existence of nonzero solution requires that
the determinant of coefficient matrix be zero, that is

1 1
X
o-w, o+, (@)
1 1
X =0
o, -w, O+, (@) ©
1 1
X
o, —w, O+, ()

We can solve out the explicit expression of @, as follows,

@y =+, /1, (10)

where

1 o X(o) I o ofX(em)
1=l o, X)), L=l o, o;X(®)| (1)
1 o, X(w) 1 o, o}lX(w,)

After ignoring numerical integration error, Eq. (10) holds for
any nonzero @, , @,, @s.

In practice, @, ®,, @; should be chosen to encompass the
spectrum peak. More specifically, @, is chosen to align with
the highest one, @, and @; are one bin to @, , on the left and
right, respectively. There are two reasons for doing so. First,
the integration is more accurate around spectrum peaks.
Secondly, the SNR of spectrum peaks is higher.

We must consider the special case of a very low frequency. For
this case, @; = 0, we have

D" D~
+
0 -0, o+,

Now the above theory of linear simultaneous equations is not
applicable. To facilitate us to use this theory still, we substitute
o, with -w,, as a result, X(@,) = X(-0,) = X' (Aw).
Accordingly, Eq. (9) still holds true.

-B,=0 (12)

4. NUMERICAL EXAMPLES

In this section, Eq. (10) will be tested by firstly the noise free
signal and then by the noise signals with six levels of SNR.

4.1 Simulation Environment and Parameters

The noise free signals are generated according to Eq. (1). Since
the offset B, does not influence the numerical condition
significantly [27], its value is simply set B, = 0. However,
the offset of practically collected series will be removed before
FFT. Therefore, B, = 0 occurs only in the case of coherent
sampling, where an integer number of its cycles fit into a
predefined sampling window. The signal amplitude affects the
condition number of the normal matrix dramatically. Here, its
value is set 4, = 1, which is close to the optimal [26]. The
sampling interval Az and the sampling size N are 1s and 1024,
respectively. Thus the sampling window is 7 = NAt = 1024s.

Since we are interested more in the case of a few cycles in
record, the simulation frequency @, scans from 2n/T to
16n/T, with a step 0.04n/T. This means the CiR changes
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from 1 to 8, with an increment 0.02. Thus we have
((8-1)/0.02)+1), i.e., 351different frequencies.

For the noise free case, we simulate 180 initial phases at each
frequency. These initial phases ¢, scan linearly from 0° to
179° with a step 1°. Thus there are 351x180 trials totally in the
noise free case.

For the noise contaminated examples, only four initial phases,
@y = 0°, 45°, 90° and 135° are examined. For each
combination of the frequency by phase, six noise levels,
SNR=-3.01dB, 3.33dB, 5.00 dB, 10.00 dB, 26.99dB, 56.99dB,
are tested. Each noise level simulates 1000 trials. Thus there
are 351x4x6x1000 trials totally in the noise contaminated
case. The random noise is generated by the randn function of
MATLAB™.

After each simulation signal is generated, its offset is removed,
and then the FFT is carried on. Three discrete spectrum lines
are selected according to Section 3. The initial frequency is
obtained by Eq. (10).

For the noise-contaminated case, two rounds of conventional
FPSW fitting are carried.

4.2 Noise Free Case

The absolute frequency errors for four typical initial phases are
presented in Fig. 2, where four panels stand for ¢ = 0°, 45°,
90° and 135° respectively. The abscissa is CiR, standing for
the wave cycles in the recording window. Inspecting this figure
leads to the following remarks:

1. The frequency from Eq. (10) is very precise. Insofar as the
simulated examples, the maximum error is no greater than
0.0006 Aw, where Aw is the resolution of canonical FFT.
The maximum error appears in Fig. 2d, where the initial
phase ¢ = 135°.

2. The sizes of four error curves are comparable. The global
trends attenuate, but there are significant fluctuations. To
the left, where the CiR is fewer, the error is larger. While
the CiR increases from the left to the right, the error trend
decreases.

3. The coherent sampling condition aligns with an integer
CiR, where the error is very small, and approaches the

horizontal axis. One reason is that, @, exactly aligns with
®,, which is the highest spectrum line. Under this
condition, X(®,) = X(@;) = 0 exactly holds true, also

Eq. (10) degenerates to @, = @, .

4. The coherent sampling does not often happen in practical
measurement. The worst case in FFT analysis is the
sampling window covering an integer and a half periods
of a signal. Four plots in Fig. 2 show that the frequency
error with half-period sampling depends on the initial
phase as well. The two curves on the left column have
relatively smaller error around the half-integer CiRs, but
the two on the right align with local peaks. However,
readings from the FFT discrete spectrum lines are always
accurate with coherent sampling, and inaccurate with half-
period sampling.

5. The influence of the sampling dense on the accuracy is
secondary. The effect of sampling dense is controversial.
At least, the sampling dense should observe the Shannon
sampling theory, that is, each period should cover at least
two points. Since the sampling size N is constant when the

CiR scans from the left to the right, there are much less
sampling points in one period at the right end than at the
left, but the decreasing magnitude of the frequency error
is significant smaller than the fluctuation due to the
coherent sampling and half-period sampling.

All the errors from 180 initial phases are pooled together in
Fig. 3. The ordinate is the maximum error among 180 phases at
each frequency. This is equivalent to the error envelope. This
envelope verifies again that: 1) the maximum error is no
greater than 0.0006 A®; 2) The coherent sampling is the most
accurate condition; 3) the accuracy attenuates non-
monotonically as the CiR increases; 4) The influence of the
sampling dense on the accuracy is secondary.

4.3 Noise Contaminated Case

In this case, we do not have exact solutions. What we can
evaluate is the statistical performance. Generally, the two
issues: bias and variance need considering. However for FPSW
fitting, an unbiased estimation is generally assumed before-
hand [45]. As a result, the variance is bound by the Cramer—
Rao bound (CRB). For practical evaluation, we use the
empirical variance or the empirical mean square error (eMSE)
defined in [46].

Results from two levels of SNR = 3.33dB and 26.99dB are
shown in Fig. 4. The thick dotted curves are the eMSE of the
initial frequency from Eq. (10). Eight dotted curves are similar.
All possess peaks around the half-integer of CiRs and troughs
around the integer of CiRs. The peak infers a larger eMSE, and
less accurate. The trough means more accurate. Again, this is
consistent with the noise free case: coherent sampling means
accurate. The fluctuation amplitude is around several dBs
(standard deviation is 1.6dB), almost independent of the initial
phase and noise level.

The thick line transgressing hollow circles is the theoretical
CRB. We can see that the eMSE of Eq. (10) is greater than the
CRB, which is the lowest bound of all possible estimators. The
average difference is less than 4 dB between the CRB and the
eMSE, which is listed in Table 1, where m, is the mean eMSE.
The average operation here is carried over 351 different initial
frequencies. A, is the mean difference between the CRB and
the eMSE of the initial frequency. It is calculated by the
difference at each frequency, so A is not strictly equal to the
CRB subtracting m,, in Table 1.

With the initial frequency obtained by Eq. (10), two rounds of
the normal FPSW fitting are carried out. The frequencies of the
first round and the second round are denoted as @; and @, ,
respectively.

The hollow circle in Fig. 4 stands for the eMSE of @, . We can
see that this eMSE matches the CRB well; moreover, the small
ripples of the CRB are followed by the eMSE. This match is
almost independent of phases and noises levels. The cases of
the other three noise levels lower than SNR = 3.33dB have
similar performance, and are not shown for the sake of brevity.

In Table 1, m; and m,, A; and A, have the similar definition
as m; and A . The only difference is that the frequency in m,
and A, is substituting the initial frequency with @, and in
m, and A, with @, . In the same vein as the initial frequency,
A;#m; —CRB and A, #m, — CRB hold.

The above perfect match is also uncovered by A, in Table 1,
which is close to zero, meaning that the difference is minor
between the CRB and eMSE of the frequencies after one round
of iteration. Moreover, m, is very close to m;, and A, is of
the comparable size of A, .
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Tablel. Statistical Performance of the proposed approach

No. SNR/AB ) CRB/dB Initial Value First Round Second Round
my/dB  AydB m/dB A/dB my/dB Ay/dB
0 -70.47 3.65 0.18 -73.99 0.13
) 301 45 -70.73 3.80 22 -74.44 0.15
90 -70.92 3.49 0.18 -74.29 0.13
135 3.26 0.13 -73.86 0.09
0 3.52 0.04 -80.43 0.03
2 333 45 37 0.04 -80.91 0.02
90 3.40 0.04 -80.73 0.03
135 3.15 0.01 -80.28 0.00
0 3.50 0.03 -82.10 0.02
3 500 45 3.68 0.01 -82.60 0.01
90 3.38 0.03 -82.41 0.02
135 3.15 0.03 -81.93 0.02
0 3.47 0.00 -87.13 -0.01
45 3.66 0.01 -87.59 0.01
4 10.00 90 335 0.02 -87.42 0.01
135 3.13 -0.02 -86.97 -0.02
0 -104.11 3.45 0.01 -104.11 0.01
5 26.00 45 -104.59 3.64 -0.01 -104.60 -0.01
90 -104.42 336 0.00 -104.41 0.00
135 -103.94 3.10 0.00 -103.94 0.00
0 -134.11 3.44 0.00 -134.11 0.00
s 56.00 45 -134.59 -130.93 3.67 0.00 -134.59 0.00
90 -134.42 -131.05 3.37 0.01 -134.41 0.01
135 -133.94 -130.85 3.00 -0.02 -133.96 -0.02

CRB and SNR stand for the Cramer—Rao bound and signal-to-noise ratio,
respectively. my~m, are the mean eMSE of the initial frequency, @, and w@,,
iterating frequencies from the first and second round of the normal FPSW fitting The
average operation here is carried over 351 different initial frequencies. Ay~ A, are
the mean difference between the CRB and the eMSE of the frequency, @, and @, .
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(The thick dot curves are the eMSE of the initial frequencies from Eq(10). The thick lines
transgressing hollow circles are the theoretical CRBs. The hollow circles stand for the eMSE
of the frequencies from the first round of FPSW fitting with the initial frequency by Eq(10).)
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These facts illustrate that the improvement benefit from the
second round of iteration is very limited.

It should be stressed that the level of SNR = 3.33dB is very
noisy. One example of the simulated signals is shown in Fig. 5,
so we can have visual impact about the noise condition of the
low SNR.

If the noise level increases further, some outliers can happen
indeed. The results from the case of SNR = -3.01dB is shown
in Fig. 6. We can see an obvious spine on the eMSE of the
initial frequency in Fig. 6a, labeled by “X”. Carefully checking
data finds that this spine is due to the significant error of only
one trial. For this trial, the noise forms a pseudo peak on the
amplitude spectrum far away from the actual. Therefore, error
has occurred when picking up @, .

This kind of error does occur in other three panels. The
occurring times are 14 in Fig. 6a (¢=0°), 4 in Fig. 6b
(@ =45°),2in Fig. 6¢ (¢ = 90°), and 2 in Fig. 6d (¢ = 135°).
The incidence is only (14+4+2+2)/(351x4x1000) = 1.56x107,
which is very low. Because of the smear effecting of averaging
many trials, not all the mistakes of picking up @, lead to
significant spines. The data of the hollow circles in Fig. 6 have
excluded the above outliers due to mistakes of picking up @, .
The match between the eMSE and the CRB is not as good as in
Fig. 4. It must be stressed that the mistake of picking up @,
never occurs in the trials of other five levels of SNR.

Insofar as we simulate, the initial frequency and two rounds of
iteration is not sensitive to the initial phase. However, this
mistake of picking up @, somewhat depends on the initial
phase. Whether this phenomenon has the same essence as
phase dependence reported in the other literature still needs
further studying.

5. CONCLUSIONS

Four-parameter sine wave fitting based on the least square
error principle is nonlinear. An iterative approach to this
problem necessitates the initial frequency. The importance of
the initial frequency to the FPSW fitting is discussed in detail.
An efficient approach to obtain the initial value for FPSW
fitting is proposed, which makes use of three spectrum lines of
the FFT. This approach has been validated by simulation data
contaminated with different levels of noise.

The results from the noise free case show that: 1) The
frequency error of the proposed approach is no greater than
0.0006 Aw, where Aw is the FFT resolution; 2) While the CiR
increases, the global trend of the frequency error attenuates,
but there are significant fluctuations; 3) The coherent sampling
condition has the best accuracy still. The accuracy with half-
period sampling is dependent on the initial phase; 4) The
influence of the sampling dense on the error is secondary.

Insofar as the simulation trials of the noise contaminated case,
the results show, firstly, the eMSE of the proposed approach is
more accurate with coherent sampling. The worst accuracy
occurs with half-period sampling. Secondly, the average
difference is the around 3.5 dB between the CRB and the
eMSE of the proposed approach. Thirdly, the CRB can be
reached after only one round of iteration starting from the
initial frequency obtained by the proposed approach, and
further rounds of iteration lead to little improvement.
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Figure 5. One example of simulation signals with SNR=3.33dB

(The thick line is the noise free data, and the fine zigzag stands
for the noise contaminated data)
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Figure 6. One simulated data series at SNR=-3.01dB

(An obvious spine on the eMSE of the initial frequency in (a),
labeled by “X”, is due to the significant error of only one trial.
Other legends see Fig. 4)
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ABSTRACT

The stability problem of the input DC voltages in a five levels
diode clamped inverter is recalled and illustrated. A knowledge
model of this converter using switching functions and a space
vector PWM strategy is demonstrated in detail. To investigate the
instability problem of the input DC voltages of the inverter, we
study a cascade constituted by a two levels rectifier - five levels
diode clamped inverter - induction motor. To solve this problem,
we stabilize the rectifier output voltage using the sliding mode
control and we balance the input DC voltages of the five levels
diode clamped inverter by using redundant vectors of the space
vector PWM strategy. The obtained results show the effectiveness
of our method which can be used to stabilize the input DC voltages
of the multilevel converters.

Keywords

Five Levels Inverter, Two Levels Rectifier, Induction Motor,
Space Vector PWM, Current Hysteresis Strategy, Sliding
Mode Control.

1. INTRODUCTION

Multilevel power conversion technology is a rapidly growing
area of power electronics with strong potential for further
development [1]. The most attractive applications of this
technology are in the medium to high voltage range, and
include motor drives, power distribution, power quality and
power conditioning applications [2].

In general, multilevel power converters can be viewed as
voltage synthesizers, in which the high output voltage is
synthesized from many discrete smaller voltage levels [3].

The selection of the best multilevel topology and the best
control strategy for each given application is often not clear
and is subject to various engineering trade-offs [4, 5]. By
narrowing this study to the DC/AC multilevel power
conversion technologies that do not require power
regeneration, several attractive topological, modulation and
power semiconductor device choices present themselves [6-8].
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The main drawback of multilevel inverter is the problem of
voltage imbalance in DC capacitors. The currents in midpoints
of DC link input produce ripple in the capacitor voltages. This
ripple may cause low-order harmonic contents in the output
voltages. Moreover, the imbalance of capacitor voltages will
cause excessive voltage pressure on switching devices of the
inverter. This problem becomes more complex with increase of
level of the inverter, because of increasing of midpoints in the
DC link input [9].

Several methods are proposed to suppress the unbalance of DC
link capacitor voltages [10-15]. In this way, we propose in this
paper to generate the input DC voltage of the five levels diode
clamped inverter by a two levels rectifier. The rectifier output
voltage obtained increase continually. In order to stabilize it,
we propose to use the sliding mode control. The rectifier
output voltage became stable, but the inverter input voltages
remain instable. To resolve this problem, we propose an
algorithm for balancing of DC link capacitor voltages, which
explain how to choose desirable redundant vector on the base
of measurement of load currents and DC link capacitors
voltages and currents signs. The results obtained with this
solution shows that the proposed solution is very efficient to
solve the instability problem of the multilevel inverter.

In this paper, firstly we modelize the five levels diode clamped
inverter. Then, we present a brief review of space vector
modulation for this inverter. After that, we develop an
algorithm for balancing of DC-link capacitor voltages. In this
part, the inverter is fed by a constant input DC voltage. In the
last part, we study a cascade constituted by a two levels
rectifier - five levels diode clamped inverter - induction motor.
We use the sliding mode control for the rectifier output voltage
stabilization, and the space vector modulation redundant
vectors for the input DC voltages balancing of the five levels
diode clamped inverter. The proposed study is verified through
simulation.

2. FIVE LEVELS DIODE CLAMPED
INVERTER

Structure of five levels diode clamped inverter is shown in
Fig. 1. Each arm is composed of four upper and lower switches
with anti-parallel diodes. Four series DC-link capacitors split
the DC-bus voltage in half. The necessary conditions for the
switching states for the five levels inverter are that the DC-link
capacitors should not be shorted, and the output current should
be continuous [3, 5].

The connection function F;; indicates the state of the switch

ij
TDif:
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1 if TD, is closed
F =9 ‘ (i=1...3,j=1...8)
0 if 7D, is opened
We define as well the half arm connection functions by the
following relations:

i8 (2)

2
Egb = ES'EG'F;'T(I - Fzs)

For an arm i, several complementary control laws are possible.
The control law which lets an optimal control of this
inverter is:

Fs=1-F,
Fig=1-F, 3)
F; =1- F,
Fy =1- F,

As indicated in Table 1, each arm of the inverter can have five
possible switching states P,, Pj, O, Nj or N,.

The output voltage of the inverter relative to the middle point
N are defined as follow:

bb b b
B+ E, K,
bb b b
2 1 1 F;l + F;l UCZ + F;l Ucl
v, - - bb b b
1 Fy+E, F
V2 | TS -1 2 -l bb b b
o8 B LR 1 Dl W
- on + on ch - on Up4
bb b
F, + F E,
. . . 4)
Thus, the input current of the inverter are given as follow:
b b b
Lai F, F, ;
bb bb bb 1
Laz Fy o E)F i
bb bb bb 2 5
Laa Fy Fy Iy ; ®)
3

T Dy T Dy Ty Dy

Uur::q

U,TTC,

Figure 1. Five levels diode clamped inverter structure

Table 1. States of the five levels diode clamped inverter

State Dy ID;» TD;; TDyy Virg
P, 1 1 1 1 Tt + Ues
P, 0 1 1 1 U,
o 0 0 1 1 0
N 0 0 0 1 SU
N 0 0 0 0 “Us-Us

3. SPACE VECTOR MODULATION

The output voltage vector is defined as:

2 27
vo=y .l 4y, e P +vlel 3 ©
=V, +].V,
v, and vg are real and imaginary components of v, in
(a—B) plan.

This output voltage vector v, can take several discrete
positions in (oo —p) plan, accordlng to switching states of the
inverter arms. These positions are indicated on the space
vector diagram, given in Fig. 2. They are identified by
combination of switching states of the arms, P,, P;, O, Ny or
N,. For instance, the state P,ON| indicates that the first arm is
in state P, (vi;;=U, +U,), the second arm is in state
O (vy;=0) and the third arm is in state
Ny (v =-Uc3)

Since each arm has five poss1ble switching states, five levels
diode clamped inverter has 53 = 125 state. Some positions of
output voltage vector are synthesized by more than one
switching state. In Fig. 2, we can find 24 positions with no
redundancy, 18 positions with two redundancies, 12 positions
with three redundancies and 6 positions with four
redundancies.
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b B

;&;N; NP, N OHRN, P PN2 PP N2

NoP2N; NRAN, o, L PN, PN, PPN,

NoPoP,

N2PP.

N 0 NOO N
N2NING V2V
Pl p
NP (P> ’VI #] N l’: P,N2N;
Y f N1 PNy
2
N} , ,P; PN{P, P N0

\ M \\ R0 Py

N2V, 'vl fp, _ON/P,  PN/P,  PNYP, PNPs

P /W

NP1

NiNP;  ONP;  PiINP; PP,

Nf "

c

Figure 2. Space vector diagram of five levels inverter

The space vector diagram can be divided into six triangular
sectors of 60° length. Each sector can be divided into sixteen
small triangular regions.

Given the desired reference phase voltages, we define the
reference voltage vector v *, to be generated by the inverter:

j27r j27z
-y el a3 * 3
ve=v .¢" +v,.¢ + v .
_ * . * 7
=V, +].Vg @)
— ie
=m.V,, .¢€

m(0<m < 1) is the modulation index.

Having the components of the reference voltage vector, we
deduce the triangular sector and the triangular region which

includes it. During a sampling period 7, the reference voltage
vector v* should be match with the average output vector
combined by the three nearest vectors v, v, and v,
corresponding to the apexes of the triangular region which
includes it [10].

4. BALANCING OF INTERMEDIARY
CAPACITOR VOLTAGES

One important problem associated with multilevel inverters is
imbalance of DC link capacitor voltages, due to currents flow
from/to the midpoints between capacitors according to
switching states and load conditions [4]. The simplest and most
efficient manner to deal with this problem is to use the freedom
choice of redundant vectors used to synthesize the output
voltage vector. According to load currents, these vectors are
distributed such that the DC capacitor voltages are balanced
[11]. To do so, we firstly study the effect different redundant
vectors on capacitor voltages.

4.1 Relationship between input and output
currents

The capacitor currents in the left side of the inverter are
expressed as:

. . . . .
lc1=;(-21d1+ld2—ld4—21d5)
io= (2030, —i,—2i5)
27 T\ Telgp T2 T hde T < tds
©o4 ®)

. 1,,. . . .
lc3=z(21d1+ld2 +3igy+2iy5)

(2ig+igy—igs+2igs)

. 1
lc4:z

By replacing the input currents of the inverter by there
expressions, we can write:

(161’102’163’104)t Z~A~(l1alzol3)t

&)

where

“2F + ' - Fy -2F,

—2F) =3F - Fy -2F;
2K+ FY +3Fy +2F
2K+ R~ Fy +2F

“2F + By = Fy =2,
—2F 3R = Py =25y,

2B+ By 4305 +25,
2F + S = By + 25,

13

“2F+ EY - Fy = 2F,

“2F =3 - Fy = 2Fy,
2E+ L +3F +2F5,
2F + FY — g +2Fy,
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Table 2. Relationship between capacitor currents and load currents

Vecror Fiop | dics | iz | dicg Equation Group Vector ipg | dipr | 4ipg| dicy Equation Group
v a|lP-NiN;| e | e | e |-3e . ] alOP0 | e | e | | -e
] e=-i; ——— oo
"|b|PINoN;|-3e| e | e | e : V23| b|N/PIN;| e | e | e | -e e=-2; 4
. a|P;ONj| e |er | e | es ej=-ij+is, e;=-i;-3is S c|N:ON> | -e | -e | e | -e
‘b e | e | e e3=3i;+i> - a|OP-Py| e | e | e;| e; o= 3ir ev=3i+i
- - - - - [7-ip-2n, e T2 Ty .
. la e | er | e; | e=-1;+21>, er=-1;-21> Vog| b | NPO | e; | e | e2 | e3 ST e 3
Vs . < : Tl : 3 U = - e;=-ij+i>
‘b e | e | e e;=3i;+2i> c|N:ONj| e; | e; | e | e
P a e | e |-3e e=iri ] a|OP:P>| e | e | -e| -e
1 2=-11-12 = R
" b e e e e Vas b _N;P;P; - e e - EZJF; 4
. a e | e | e; e;=2i-i;, er=-21;-1; 3 c|NOO | e | -e| e | -e
) ej el e e;=2i;+3i; ) a|OPP>|e; | ex]| ez e; 33 9
— — . e;=2i;+3i, e2=2i)-1; -
v a e | e | e; ej=ij-ir, e,=-3i}-I7 , vas| b | INJOP; | e; | e1 | e2 | e3 : PR P o ]
i BT 2 =_Dir-is
b1 e |le | e e;=i;+31; e |2 3 1-13
a|l e | e |[-3e . a
Vs e=-i> 1 he o
b|! e |e| e - vor| b | e=2i;+2i 4
v, a|. €] e | €3 E?;=—I-;—3I-_: B &’_1=3ill—2i_' “ C|
5Th |1 e | e | e e;=-ij+2i; - a
v a|! e | er | ey | e=-2i1-3i2, e2=21;+i 3 vas| b 5
Mk e; | e | e e3=-2ij+i> - e|l
a |l e e |-3e . ] a
V] e=i] .
X e|e|e ! vi| b e=2i; 4
v a|l e | e | e; ey=ij+3i>, er=i-i> 3 c
b e; | e | e e;=-31-1, - a
a ey | e | e; é?j:}';—gi_'- f e_v:r;—é‘r'; - Vip b 5
. . 2
b e e | e e;=-3i)-2i> c
a e | e |-3e - ] a
Vi3 e=i1;+1i>
Bp e|e|e s mE =i
‘ N ) D i — o Vi e=1j 6
a e | e | e ej=j+iy, ex=-2ij+Ii; 5 c
Vig L. 2
- b [ €] €2 95:—2};—3}3 (f !
a e | e | e; ey=3ij+i;, e;=-1;+i 3 a
b e | e | e e;=-i;-3i; b .
V32 e=ij+iy 6
v la e | e |-3e e=i ] c
1 e|le|e - d|]
da e | e | ;3 E;:—jf;n.?l-_: N e?:=i;—2i: 3 a
vi7 o 0i -
b e; | e | e e3=i;-2i; N b ; 6
. - - 13 o=
v a er | e | es | ej=-2ij-iz, ex=2i;+31i; 5 c|]
“b e | e | e e;=21;-1; - d|]
a e |-e|-e a
vig| b e | e |-e e=-21; 4 b .
10 1 Vig e=-1] 6
c e|e|-e c| ]
a e | e; | e; L . d|]
= e;=-2i;+i;, e;=-2i;-3i; .
Vg | b e | e | e; o 3 a
1 e3=2i;+i;
c e;| e | e b .
Vis e=-ij-is 6
a e | -e|-e ¢ |1l
var | b e | e |-e e=-2i;-2i; 4 d|]
c el e |-e a
a e | e | e; b .
- Vig a=-1z 6
v |b e | e e 3 c
c e; | e | e d
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Table 3. Effect of redundant vectors on capacitor voltages
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Uet

e3

‘el

Uc}'

Possibility

Py

Ps

Ps

P,

Ps

Ps

Py

Ps

Py

Group

(]

Table 4. Selection of redundancies
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4.2 Groups of redundant vectors

This relationship between capacitor currents i; (j = 1...4) and
load currents #; (i = 1...3) depends on the switching states of
the inverter, in other words, depends on the output redundant
vector. Table 2 resume relationships between load and
capacitor currents for all the redundant vectors of the space
vector diagram. Depending on the forms of these relationships
(equations e, ey, e, and e3), we distinguish six groups of
redundant vectors (see Table 2).

4.3 Effect of redundant vectors on capacitor
voltages

Redundant vectors of each group can charge or discharge DC
link capacitors, depending on load conditions, in other words
on sign of equations e, ey, e; and e3.

For groups with one equation e (groups 1, 4 and 6), we have
two possibilities of load conditions:

P:e>0
P,:e <0

(10)

For groups with three equations e}, e; and e (groups 2, 3 and
5), we have six possibilities of load:

<0,e, <Oande,

< 0,e, > Oande,
<0,e, > Oande,

> 0,e, < Oande,

SO 98 BT

> 0,e, < Oande,

P,:e, >0,e, > Oande,
Each redundant vector can increase or decrease capacitor
voltages, depending on the sign of capacitor currents. Table 3
shows the effect of redundant vectors on capacitor voltages.

Signs (T) and (~L) indicate increasing or decreasing voltage.

4.4 Choice of redundancies

For each case of redundancy, the vector which tends to cancel
the unbalance in capacitor voltages will be selected. In other
words, we select the vector which charge the undercharged
capacitors, and discharge the overcharged ones.

To do so, we must measure capacitor voltages and their
deviation case. Since there are four capacitors, we get 24
deviation cases (4x3x2), (C; through C,y).

For each group of redundancies, given the deviation case
(C,,m=1...24) and load conditions (P,,n=1,20r1...6),
the vector that will decrease the largest capacitor voltage and
(if possible) increases the smallest capacitor voltage is
selected.

For instance, let consider the first deviation case (C;) and the
first group of redundant vectors (group 1). The smallest
voltage is U,q, and the largest voltage is U_4. From Table 3, if
the load is in condition P; (e > 0), the redundancy a must be
selected to increase U, and decrease U4, while if the load

16

condition is in condition P, (e < 0), the redundancy b must be
selected.

Table 4 shows the choices of redundancies in all operation
conditions of the inverter.

4.5 Simulation results

Without use of balancing algorithm, see Fig. 3, DC bus
voltages go away from the equilibrium conditions which are:
Ug=Uy,y=U;z=U,=200V. When the balancing algorithm
is introduced, see Fig. 4, it is clear that after a transient period
capacitor voltages

of 0.75 sec,
conditions.

are kept in balancing

250
>
— 240 T N
< | | | | | | | | |
o° 230 L L __L__L__L__L__1__1__1__4|
- | | | | | | | |
® 220 T N
5° | | | | | | | | |
210 T N
« | | | | | | | | |
o 200 — L __L__L__L__L__L__1__1__1__/
2 i I | | | | | | | |
R - 35y v |
T T T f T T T T T T
© I | |
D 10 - = boam = b = oL e e
| | | | | | T T T
170 I I I I | I I I I
0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

t(s)

Figure 3. Capacitor voltages without balancing control

. | | | |
| | | | | |
> o0 L__ Ll __L__t__1__1__4
— | | | | | |
- | | | | | |
o° 205 Lol __ L1 __1__1__
R | | | | |
) | | | | | |
DO 200 L L Il L L L
A | | | | |
~ | | | | | |
Lol L _Ll__1__1__|
B | | | | |
- | | | | |
o 190 Lol L _Ll__1__1__|
> | | | | |
| | | | | |
185 | | | | | |
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
t(s)

Figure 4. Capacitor voltages with balancing control

5. DC SUPPLY WITH TWO LEVELS
RECTIFIER

Until now, we have supposed the input DC voltage of the
inverter constant. In this part, we study a generation input DC
voltage technique. For this, we propose a cascade constituted
by a two levels rectifier - five levels diode clamped inverter
which feeds an induction motor, see Fig. 5.

5.1 Modeling and control strategy of two
levels rectifier

The two levels rectifier is constituted by three arms
corresponding to each phases.

The complementary command of this rectifier is:

F,=1-F,, (i=4,B,C) (12)
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Figure 5. Cascade: two levels rectifier - five levels diode clamped inverter - induction motor

The rectifier output voltages are given by the following

expressions:
Ai 1 is the width of the hysterisis band
Vs 1 S R here:{ & =i (k=1,2,3)
where: =i -1,
Vy | = 3 -1 2 -1||F,| U, @3 FT .
-z
V. -1 -1 2 F, zﬂ(zx/glesin (a)t——),(k=1,2,3)
3
The output current can be written as follow:
5.2 Modeling of the intermediate filter
[ FA1 wert T FB1 o2 T FC] net3 (14) The intermediate filter is defined by the following equations,

see Fig. 5:

To control this rectifier, we use the current hysteresis strategy.
The principle of this strategy consists to compare the reference

currents i, with the network currents i, and to deduce the dU
switches state by using the following algorithm: Cl o — [rec idl
dt
if &, >Ai : F, =0 CZdUCZ_I iy —i
) ) dt rec dl d2
lf{;‘k<A1 i1 F =1 (15) (16)
. : d
elseif do not change the switches state C UC3 =] +i, +i
3 dt rec d4 ds
dUu
,4 .
C4 d; _[rec+ld5

17
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5.3 Simulation results

1800

1600
1400
1200

o
® 1000

Figure 6. Rectifier output voltage and capacitor voltages
without balancing control

Figure 7. Rectifier output voltage and capacitor voltages with
balancing control

Without balancing control, the output voltage of the two levels
rectifier increases continually and the capacitor voltages are

18

not constant, see Fig. 6. By introducing the balancing control,
we can balance the capacitor voltages, but the rectifier output
voltage remain always increasing, see Fig. 7.

6. DC VOLTAGE STABILIZATION

6.1 Voltage loop model

The modeling of this loop, see Fig. 8, is based on the principle
of instantaneous power conservation with no loss hypothesis.
This loop imposes efficacy network reference current.

The input and output power are calculated as:

3
Z —R l'2 L dlnetk
mput netk netk “netk
k=1 2 dt

= Urec 'Irec = Urec (lc + iload)

By neglecting Joule losses and assuming sinusoidal grid
currents, we get:

)
P

output

+U (18)

rec " rec

Zv
netk * netk
2

We supposed the network current sinusoidal and in phase with
corresponding voltage, we can write:

dlnetk
L

k=1

3.V,.1
:>1rec = —

rec

3' Ve]e :Urec']rec (19)

where V, is the rms value of grid voltages, I, is the rms value
of grid currents.

iluad
3.7, Lo i )i
Ic’ —] ¢ = ¢ —_— — Urec
Use Cs
Figure 8. Voltage loop model
6.2 Sliding mode control
From Eq. (16), we can write:
Urec — Irec - lload (20)
C
where
Iy +2 0, =0, —2 . 0y
lload 4

While combining Eq. (19) and (20), we obtain:
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. 21
Urec = @b

We would stabilize the rectifier output voltage. For that, we
choose the sliding surface as follow:

S = Uref - Urec (22)

Its derivative is:

(23)

The condition S-S <0 assures the attraction of the trajectory
toward the sliding surface [13]. To verify this condition, it's
sufficient to choose:

S=—k .sign(S)-k,.S (24)
where kq, k, are positives constants.
Finally, we obtain:
1, = [C~(kl.sign U,y -U,)
4 : Urec (25)

+ kZ (Uref - Urec )) + iload ] ’ 3 V

The general principle stabilization of two levels rectifier
output voltage is shown in Fig. 9.

i load
Sliding I Current :
U, mode | | hysterisis |1« | 1 Uvee
control control Cs T

Figure 9. Stabilization algorithm of two levels rectifier output
voltage

6.3 Application of stabilization algorithm of
rectifier for the proposed cascade

We practice the algorithm stabilization elaborated previously,
see Fig. 9, to control the rectifier of the cascade. The two
levels rectifier is controlled by the current hysteresis strategy
when the network reference currents amplitude feeding the
rectifier is imposed by the voltage loop. The rectifier output
voltage became constant and stable, see Fig. 10 and 11. The
application of the balancing control permits to eliminate the
unbalancing problem, and the capacitor voltages became all
equal, see Fig. 11.
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7. CONCLUSIONS

In this paper, we have studied the stability problem of the input
DC link capacitors voltages in the five levels diode clamped
inverter.

Firstly, we have assumed that the input DC voltage is constant
and we have presented an algorithm for self balancing of DC
link capacitors voltages using redundant vectors of the space
vector PWM strategy. A comprehensive analysis of the DC
link capacitor voltages balancing is presented using redundant
vectors. Based on the measurement of load currents and
determination of capacitor currents signs, the desirable
redundant vector is detected. The validity of this algorithm is
proved via simulation results.

Secondly, we have proposed to generate the input DC voltage
by a two levels rectifier. We note the instability of the rectifier
output voltage. We note that, the upper input DC voltages of
the inverter are practically not equals to the lower one. This
fact accentuates the problem of unbalance of the different input
DC voltages sources of the five levels diode clamped inverter.
To resolve these problems, we propose to stabilize the rectifier
output voltage using the sliding mode control and to balance
the DC link capacitors voltages using the algorithm for self
balancing which uses redundant vectors of the space vector
PWM strategy. The results obtained with this solution are so
promising to stabilize the input DC voltages of the five levels
diode clamped inverter, and to use this inverter in high voltage
and great power applications such as electrical traction.

T T T T T T T T
Ry Y B

T
806 M- — - —
I I I I I I I I I
805 N
I I I I I I I I I
804 -r--r
I I

it i B E R i
| | | | | | |

Figure 10. Rectifier output voltage and capacitor voltages
without balancing control
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Figure 11. Rectifier output voltage and capacitor voltages with
balancing control

Table 5. Simulation parameters

DC supply voltage E=800V
Space vector PWM m=09,T,=16610"s
Induction motor p=2,f=30H:,

R, =485Q,R,=3.8050Q,
L,=I1,=0274, M=0258H
Filter C=0C=C;=0Cy
=C=20mF

Current hysterisis strategy | Ai=0.1 A4,

I, = 5 4 (without stabilization)
V,=220V,R=025Q,
L=10mH

ky =40,k =20

Three phases network

Shiding mode control
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ABSTRACT

In this paper, an explicit model for accurate simulation of the I-V
characteristic of photovoltaic (PV) cells and modules under
various climatic conditions is described. The proposed model is
found to be reliable and accurate in the situations where the model
is a good approximation of cell or module performance. The
developed model has been compared with the traditional I-V
characteristic and with some experimental results. The obtained
results showed the effectiveness of our model. Moreover, an
experimental method is proposed to determine the series resistance
and shunt resistance of the PV cells and modules.

Keywords

[-V Characterization, Explicit Model, Simulation, Photovoltaic,
Experimental Measurement, Series Resistance, Shunt
Resistance.

1. INTRODUCTION

Photovoltaic involves the direct conversion of sunlight into
electricity in thin layers of material known as semiconductors
with properties intermediate between those of metals and
insulators. Silicon, the material of microelectronics and the
information age, is the most common semiconductor. In the
latter half of the 20t century, silicon photovoltaic solar cells
started to be used mainly to generate small amounts of
electricity in remote areas where there was no conventional
source of electricity. In the 215 century, photovoltaics will
grow to maturity [1]. Estimation of the current-voltage (I-V)
equation parameters is one of the most important tasks
performed on solar cells and photovoltaic (PV) modules. Many
techniques have been suggested and used to extract solar cells
parameters. Probably, within those methods, curve-fitting
technique is the most used. The basis of this technique is the
determination of solar cells parameters from a wide set of
measured coordinates. A higher level of confidence is obtained
by applying error analysis and standard deviation calculations
to curve fitting techniques as can be seen in [2-4].
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To carry out efficient photovoltaic engineering, a suitable
characterization of PV module electrical behavior (I-V curves)
is necessary. Nevertheless, it is possible to predict PV module
behavior under natural sunlight, through numerical or
algebraic methods [5-9].

The determination of solar cell model parameters from
experimental data is important in the design and evaluation of
solar cells. The work described in this paper is to characterize
the photovoltaic modules in real conditions. In addition, we
give a method to determine the serial resistance Rg and the
shunt resistance Rg;, of PV module. The serial resistance is
mainly the sum of contact resistance on the front and back
surfaces and the resistances of the bulk and the diffused layer
on the top. The shunt resistance represents a parallel high-
conductivity path across the p-n junction. The shunt resistance
can affect the short-circuit current /g density as well. The PV
performance depends on the values of Ry, and Ryg.

The resistances Rg and Rg, need to be recognized and
understood in order to analyze the cell and module
performance. The most commonly used method for measuring
the series resistance of a solar cell was firstly proposed by wolf
and Rauschenbach [10]. This involves the measuring of the
characteristic of a cell at two different illuminations.

Several other methods are available in the literature for the
measurement of series and shunt resistances [11-15]. All these
methods are based on single exponential model of solar cell,
they assume that Rg, is infinite and presume Rg to be
independent of the intensity of illumination which may not be
valid.

In this paper, firstly, we propose a new explicit model to
simulate the I-V characterization by given a photovoltaic
resistance for any materials properties of the solar cell. The
photovoltaic resistance is given for silicon cell. Subsequently,
we present an experimental method for determining and
computing of both resistances Rg and Rgy, of a solar cell using
the I-V characteristic based on the proposed explicit model.

This paper is organized as follows: A review of existing model
for solar cell characteristic is presented in the next section.
Section 3 provides a comparison between different models
(explicit model, four parameters model and five parameters
model). The proposed explicit model is described in Section 4,
while an experimental method for calculation of Rg and Rgy, is
given in the final section.

2. REVIEW OF EXISTING MODELS OF
SOLAR CELL CHARACTERISTIC

Several models of PV module have been developed in
literature [5-15]. The aim is to get the I-V characteristic in
order to analyze and evaluate the PV systems performance.
The difference between all models is the number of necessary
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parameters used in the computational analysis. The most
models used are:

+  Explicit model
*  Solar cell model using four parameters
*  Solar cell model using five parameters

*  Solar cell model using two exponential

2.1 Explicit model

This model needs four input parameters: the short-circuit
current Igc, the open-circuit voltage V¢, the maximal current
I,,, and the maximal voltage ¥, [11]. The relation between the
current / and the output voltage V is given by:

V
I=1,|1-C| Exp| ——— |-1 (1)
2'VOC
where
C =|1-—"|.Exp o
Nel Cz'VOC
and
V. 1
C — VOC
2
Ln 1—1—’"
sc

2.2 Solar cell model using four parameters

The classical equation describing the I-V curve of a single
solar cell is given by:

I=1, I, Exp(ﬁ(V+RS.I)j—l @

Where 7 is the load current and ¥ the output voltage, [ is the
diode reverse saturation current, Ip, is the photo-generated
current, Ry is the series resistance, ¢ is the electric charge, K
the Boltzman constant, 7 is the temperature (K°) and 4 is the
ideality factor.

The four parameters of this model are: Ip, I, Rg, and 4.

In this model, the effect of shunt resistance is not taking in
account. Eq. (2) describes the I-V curve quite well, but the
parameters cannot be measured in a simple manner. Therefore,
a fit based on a smaller number of parameters which can be
measured easily have been developed in [12], these include:

»  The open circuit voltage V.
*  The short-circuit current /g

*  The maximum power P,,.
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2.3 Solar cell model using five parameters

In this model, the effect of shunt resistance is considered [13].
Fig. 1 shows a solar cell equivalent circuit including series
resistance Rg and shunt resistance Rgy,.

Figure 1. Solar cell equivalent circuit including series
resistance and shunt resistance

The mathematical description of this circuit is given by the
following equation:

q V+R.I
I=1, 1. Exp|——V+R.I)|-1|-——
AK.T Ry 3y

The five parameters of this model are: Ip;, Iy, Rg, Rgj, and 4.
For a given temperature and solar irradiation, these parameters
are determined by using the open-circuit voltage Ve, the
short-circuit current /gc, the voltage ¥, and the current 7, at
the maximum power point and the slopes of curve near Vo
and Isc.

Thus
dv
=—| =-R )
d] SO
V=Voc
dv
— =-R Q)
d[ ShO
I=Isc
The following equations are obtained:
A — Vm + Im ’RSO - VOC
14 Voo 1
VLo Igo——2—1, |-Ln [ ——2% |+ —2—
R, Ry, I Voc
sc R
ShO
Q)
where
KT
Vt =
q
VOC ocC
Iy=| 14— |.Exp| — 7)
5 AV,
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A.
RS:RSO——Vf.Exp _Joc ®)
0 Tt
R I...R
I, =1I. 1+R—S +1,.| Exp| == 1-1] 9
Sh
Ry, = Ry, (10)

2.4 Solar cell model using two exponential

The solar cell equivalent circuit including series resistance Ryg,
shunt resistance Rg;, two exponential-type ideal junction, a
constant photo-generated current source is shown in Fig. 2.

Rg I

‘ — 1 ——0

l‘“] lsz lzz 1 v
by | I Rspy

0
Figure 2. Solar cell equivalent circuit for model with two
exponential

The mathematical description of this circuit is given by the
following equation [14]:

I=1,—1,.|Exp ﬁ(V+RS.I) ~1]-

1°

+R..1
1, Bxp| —4—+r.1) |1 |- LR
A, KT 3

The parameters of this model Ip;, 41, 43, Iy1, Iyp, Rg and Rgy,
are determined by the following approximations [14]:

I, =1
] _ 1 [Ph
01 — A
2 Exp(_ e.VOC)_l (12)
KT
I l IPh
v eVoc (13)

Rg is obtained by derivation of Eq. (11)at V' =V .:
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| dav N 1 14
S | 77 ly=
d[ V=Voc 1
Xy +X,, +—
Sh
with
el el
X —_ 01. oC 15
v KT ( K.Tj (4
ely, el
=——9%_ FExp| ——9< (16)
Y A [ A.K.Tj

If we consider L (X,,+X,,), we can obtain a simplified

. Sh
relation for Rg as:

—— d_V +—1 a7

S =Voc
a "7 X, + X,

The shunt resistance Rg;, is deduced from Eq. (14) with
I =1

1
Ry, =-
y + X, +X,, (18)
ar + R
d[ I=Isc
where

x, =20 pop| Lscs (19)
s, Vi

Xzi — 102 Ex ISC'RS (20)

AV, AV,

3. COMPARISON WITH EXPERIMENTAL
CHARACTERISTIC

3.1 Explicit model

Fig. 3 shows the I-V characteristic by using the explicit model,
as can be seen this model gives a best representation of I-V
curve. However, the limitation of this method is that it doesn’t
take in account the serial resistance Rg and the shunt resistance

Rgy,.
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Current (A)

Voltage (V)

Figure 3. The I-V characterization using explicit model at
800 W/m? and 45°C

3.2 Four parameters model

This method is based on single exponential model of solar cell
and assumes that Rgy is infinite, an assumption that may not be
valid for the cell having low Rg, values.

Fig. 4 shows the I-V curve given by this method. According to
this figure, we can clearly observe that a difference between
experimental I-V curve and those simulated in non-linear
region near the maximum power point.

— Three parameters model
—— Experimental data

T T T T T T T T T T
| | | | | | | | | |
] e e i i e e T e i
| | | | | | | | | |
] f * ] T | | |
| | | | | | |
25Fr—~r-~-T1--"T-~-T-~-7~ | |
| | | | | | |
| | | | | ] |
5 | | | | | |
= e Y A
< | | | | | |
€ | | | | | |
[0 | | | | | |
ESr -y
8 | | | | |
| | | | |
B (O B B
I ] ] | |
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| | | | |
05 - L __L__L__1__1
| | | | |
| | | | |
| | | | |
0 I I I I I
0 2 4 6 8 10
Voltage (V)

Figure 4. I-V characterization using three parameters model at
800 W/m? and 45°C

3.3 Five parameters model

The I-V characterization of the five parameters model is shown
in Fig. 5. The five parameters model is shown to give accurate
reliable results but gives non-physical values at low
illuminations [14]. In order to evaluate the accuracy of the
models, a statistical tests was used [15], and root mean square
error (RMSE). The RMSE is given as follow:

25

/2

1
RMSE =| L3 (1, -1, @1)
n o

Where n is the number of data, /; is the i/ simulated current
and I, is the i measured current. The RMSE test provides
information on the short-term performance of the simulation
model. The lower value of RMSE means the more accuracy for
the model used.

The RMSE values of the models were calculated. Table 1
shows the RMSE values obtained from the models presented.
The RMSE average values, which are a measure of the
accuracy of estimation, have been found to be the lowest for
five E)arameters model (RMSE = 0.022) at illumination of 800
W/m*. This means the good estimation of I-V characterization
by using a five parameters model than the three parameters

model and the explicit model for the illumination of 800 Wim?.

Table 1. RMSE values for each model

Solar urachation 1000 200

(Wh/m?)

Temperature (°C) 25 45
RMSE RMSE

Explicit model 0.039 0.027

Three parameters model | 0.047 0.104

Five parameters model 0.095 0.022

— Five parameters model
e Experimental data
T

Current (A)

Voltage (V)

Figure 5. I-V characterization using five parameters model at
800 W/m? and 45°C

4. THE PROPOSED EXPLICIT MODEL

Measurements of peak-power and internal series resistance
under natural ambient conditions need mathematical
corrections of the measured I-V characteristic, considering
irradiance and cell temperature.

The purpose of I-V characteristic approximation by means of
equivalent circuit diagrams lies in the explicit calculability of
matching problems between solar generators and several loads.
The equivalent circuit diagram for the effective solar cell
characteristic is given by Fig. 6.

The effective solar cell characteristic is given by the following
model:
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V4Rpy I
_ £
1_Iph_10 e r -1 (22)
Rpy —>

| | S| O

Ipn
I l In, Vp A\

O
Figure 6. Equivalent circuit diagram for effective solar cell
characteristic
The explicit version is:
1,-1+1,
V=V,.Ln| 2—2|-R,, .1 (23)
0

Where Rpy is the photovoltaic resistance, not to be confused
with the serial resistance RS.

Therefore, we need to determine the following parameters:
Rpy, Vr, Iy and Ipj,. Based on the following the following
simplification:

V+R,, .1

Exp W1land 1, = I

T

The I-V curve can be expressed as:

1,

V+R,, 1

I=1,|1- Exp (24)

Ne

then

I -1
V=V, Ln| S~

0

-R,, . (25)

Since Iy, Vy and Rpp are unknown, three conditions are
required to enable use of this fit:

1. If7= 0, then V' = Voc.

2. At the maximum power point the fit is tangent to the
hyperbola P,,= V. I

3. The slope S at the open circuit voltage is to be considered.

The condition (1) yields:

e

Voe =V|,_, =Vr-Ln

0

26

or
— VOC
Vr= I (26)
Ln| —5¢
]0
and then
Joc )
I=Ige " @7
The condition (2) can be expressed as:
Pm
V|1=1,,, - I_ 28)
| _ 0 (ij_ P, 9
A7l 7 T 2
oI, oI\1 I5
Differentiating Eq. (29) according to (25), we get:
Vo Ve _p
ol (I,—1)
For I =1, we get:
oV v, P
R =———-R,, =—F 30
oIl (ie-1,) " %Y
then
14 v,
Ry =—m— T 31
o ]m (IS - Im) ( :
By substituting Eq. (26) in (31), we get:
R = - I 32)
32
" (Ig—1,).Ln| =<
0

It was found that a typical value of the ratio (/,/Is-) for a
silicon cell at 25°C and 1000 W/m> ranges from approximately
107-10710, see [12, 13]. So, in order to reduce the number of
measurements, we may assume that (/,/Ig-) = 107, at least.
Substituting this value into Eq. (24) and (26) yields:
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Explicit model (1000 W/m2)
Explicit model (800 W/m2)

e Experimantal data at 1000 W/m2
e  Experimental data at 800 W/m2

Curment (A)

BE——hk——kF-—F-—F-——F——k-—f-—bk——F——+—

Voltage (V)

Figure 7. I-V curve for two illuminations (explicit model)

— VOC — VOC
" Ln107 1611
r=11-107Ep 2 i r, )
ocC
And then Eq. (33) yields:
;
— VOC .Ll’llO (ISC I) _RPV.I
16.11 I,
Eq. (32) yields:
_Q Voc
"o, 16111 -1)
The condition (3) yields:
S:d_V =- r - Ry
dI 1=0 (ISC)

then

Vi==(S+Rp, ) Iy

Substituting Eq. (35) into (31), we get:

1% +(S+RPV)ISC

L Ue-1)

RPV =

(33)

(€2

(35)

then

Five parameters model
— Three parameters model
- Explicit model proposed
e  Experimantal data

T T T T T T T
I I I I I I I
)

Current (A)

Voltage (V)

— Three parameters model
— — Explicit model proposed

¢ Experimantal data

i
35— -L--L__L__L__l__L__1__1__1__1
: I
I
1
I
I I
! L a
— I I
< | |
- L 1
c | |
g I I
] L o
O | |
I I
L
I
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1 1 1 1
0 2 4 6 8 0 12 14 1B 18 20

Voltage (V)

Figure 8. a) Simulation and experimental I-V curve

(36)

(illumination 800 W/mz); b) Simulation and experimental I-V

curve (illumination 1000 W/mz)

The slope S is then given by the approximate function [15]:

I pmax 'Vp max Vp max
I 2°
_ VOC ISC ‘VOC VOC
ISC pmax
o, —ta,
Ne

With the equation-constants:
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-5.411
6.450
3.417
—4.422

We note that Eq. (36) is independent of material properties of
the solar cell.

The Rpy is calculated using Eq. (34) for silicon cell or using
Eq. (36) for any material properties of the solar cell. The value
of Rpy is substituted into Eq. (22) to find the I-V curve of a
single solar cell.

Fig. 7 shows a good agreement between experimental [-V
curve and those given by the proposed explicit model for
different illuminations.

Fig. 8 (a) and (b) show a comparison between the I-V curve
estimated by the proposed explicit model, other model
presented in the present study and the experimental data.

In order to show the accuracy of the proposed model, we have
calculate the RMSE values, it should be noted that the obtained
RMSE for the proposed explicit model is 0.01 for illumination
of 800 W/m?, and 0.03 for the illumination of 1000 W/m?,
which are very satisfactory.

Current (A)

Figure 9. Experimental working points

5. NEW EXPERIMENTAL METHOD FOR
CALCULATION OF Rg AND Rgy

The shunt resistance Rgy, is calculated near the two points P,
and P, on the illuminated I-V characteristic. P, is near the
short-circuit point and thus corresponds to a low value of
voltage. P, is near the maximum power point and therefore
corresponds to a higher voltage.

The series resistance Ry is calculated near the two points P;
and P4 on the illuminated I-V characteristic. P, is near the
open-circuit point (V= V,-) and P3 is near the maximum
power point.

28

The choice of the four working points P, P,, P; and Py is
deduced after several iteration using the algorithm given
below, and the optimal choice is given by, see Fig. 9:

I) = Isc (V=0V) for the point P;.
I,=95% of ISC for the point P,.
I3 = 50% of ISC for the point P5.
I4 =0 (V="Vye) for the point Py.

Determination of the working points V7, V5, V5 and V4 with Eq.
(23).

Algorithm
Va=Voc. 14=0;

Vs Ly» Igc and RSM are fixed;
I3 varies from 0 to Igc;

From each value of I3, we get V3 (Eq. (23)) and then we
calculate Rg using the relation:

_n
¢ =
-1,
If the calculated value of Rg is not equal to RSM, we increase

the value of /5 until the value of Rg reaches the measured value
RSM. We have find that I3 is equal to 50% of Igc.

The shunt resistance Rgy, is given by the relation:

(37

_h-n

}?Sh -
11_12

(38

The following examples show the accuracy of this method.

Current (A)

Figure 10. I-V characteristic for the PV-module BP585F
Example 1: Monocrystalline PV-Module Isophoton

Voc=20.51V
V,y=16.58 V
1,=3.01 A
I, =334 A
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Fig. 10 shows the I-V characteristic of the PV-module
Isophoton. We have found Rg = 0.64Q and Rg, = 89.42Q.

Example 2: Monocrystalline PV-Module BP585F
Voc=223V

V=18V

I,=472 A

I.=5A

We have found: Rg = 0.50Q and Ry, = 77.75Q

Fig. 11 shows the I[-V characteristic for experimental
manipulation of the PV-Module BP585F.

PV module BP585F ‘

Figure 11. Experimental working points for Monocrystalline
PV-Module Isophoton

—— PV module Isophoton
— PV module Sdarex
— PV module BP58&F

Voltage (V)

Figure 12. I-V characterization for different modules using the
proposed explicit model

Example 3: [-V curve approximation

The I-V curve for some modules by using the proposed explicit
model is shown in Fig. 12.
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The values of series and shunt resistance are given in Table 2.
According to this table, we note that for the same illumination,
the series resistance of the PV module BP585F is the lowest
while the highest value of shunt resistance is given by the PV
module Isophoton.

Table 2. Values of series and shunt resistances
for different PV modules

PV Isophoton BP585F MSX 40
modules

R: (Q) 0.64 0.50 3.06

Re, (O 89 42 77.75 63.83

6. CONCLUSIONS

A new explicit model for I-V characteristic of photovoltaic
module has been described. It has been demonstrated that the
proposed model estimate the parameters value of the I-V curve
with a good accuracy. Also, the experimental method for
determining of serial resistance Rg and shunt resistance Rygy, is
more convenient. A theoretical expression given in Eq. (36)
gives the photovoltaic resistance Rpy, for any materials
properties of the solar cell, and if we use the silicon cell the
photovoltaic resistance is given by Eq. (34). The value of Rp)
is substituted into Eq. (22) to find the I-V curve of a single
solar cell or PV module.
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PID CONTROLLER DESIGN FOR TIME DELAY SYSTEMS
USING GENETIC ALGORITHMS
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ABSTRACT

In this paper, stabilizing regions of a PID controller applied to a
class of time delay systems are computed using parametric
methods. A necessary condition is used to obtain the admissible
ranges of proportional and derivative gains. Then, for a fixed value
of one of these parameters within this admissible range, stabilizing
regions in the space of the remaining two parameters are
determined. Stabilization being the most basic requirement in any
controller design problem, once this property is guaranteed we can
search among these stabilizing controllers those that satisfy other
performance specifications. This step is carried out using the
genetic algorithm optimization method. Time domain measures of
the closed loop system such as maximum percent overshoot, rise
time and settling time are minimized using genetic algorithms and
the stabilizing regions of the PID controller values. Examples are
given to demonstrate the effectiveness of our proposed approach.

Keywords

Stability, Time Delay Systems, PID Controller, Genetic
Algorithms.

1. INTRODUCTION

Many industrial systems are represented by plants with time
delay. For this reason, stabilization and control of time delay
systems continue to be active areas of research [1]. Recently,
there has been a great interest in computing stabilizing regions
in the parameter space of simple controllers, such as PID or
first order controllers. The main motivation for considering
such controllers comes from the desire to reduce controller
complexity and to determine as low order a controller as
possible for a given high order or complex plant [2, 3].

Several computational methods have been proposed to find the
set of all stabilizing first order and PID controllers for delay
free linear time invariant systems [2-4]. Computing the set of
all stabilizing PID controllers for special classes of time delay
systems was also addressed. Using a generalization of the
Hermite-Biehler theorem the set of all stabilizing PI and PID
controllers are determined for first order systems with dead
time in [5] and [6], respectively. We refer the reader to [7] for
a detailed explanation of theses methods. In [8] a graphical
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method was used to determine all stabilizing parameters of a
PID controller applied to second order plants with dead time.
In [9], the same problem is addressed for n'-order all pole
plants, that are systems with a pole of multiplicity », with dead
time.

This paper is an extension of the results in [5-9] to all poles
plants with dead time. The new method used is characterized
by the application of a necessary condition to get admissible
ranges of one of the controllers’ parameters. The necessary
condition is a consequence of a lemma given in [10]. The D-
decomposition method [11, 12] is then applied to find
stabilizing regions in the parameter space of the remaining two
parameters. By sweeping over the admissible ranges of the
first parameter, the complete set of stabilizing PID controllers
for this class of systems is obtained.

Stabilization being the most basic requirement in most
controller design problems, determining the set of all
stabilizing controllers of a given order is a first step in
searching, among such controllers, those that satisfy further
performance criteria, such as those imposed on the unit step
response of the closed loop system. Once this first step is done,
genetic algorithms are used to minimize several performance
measures of the closed loop system. Genetic algorithms (GAs)
[13-18] are stochastic optimization methods. Unlike classical
optimization methods, they are not gradient based which
makes GAs suitable to minimize performance measures such
as maximum percent overshoot, rise time, settling time and
integral square error. Moreover, genetic algorithms explore the
entire admissible space to search the optimal solution. This is
another reason for using GAs after finding the complete set of
stabilizing PID controllers which form the set of admissible
solutions. In this work, the ranges of proportional derivative
and integral gains are not set arbitrary but they are set within
the stabilizing regions determined so that we are searching
among the stabilizing values of the PID controller.

The paper is organized as follows. In Section 2, the D-
decomposition method is introduced and a necessary condition
is used to compute the admissible ranges of proportional and
derivative gains. In Section 3, the stabilizing regions in the
space of the controller’s parameters are determined. Next, the
genetic algorithm method is used to minimize several
performance measures of the step response of the closed loop
system. In Section 4, two examples are given. Finally, Section
5 contains some concluding remarks.

2. RANGES OF PROPORTIONAL AND
DERIVATIVE GAINS

In this paper, we consider determining the stabilizing regions
in the parameter space of a PID controller.
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ks’ +k,s+k,

C(s)= (1)
Applied to an n' order all poles system with delay,
~Is ~Ls
e e
G(s) = @)

o@s) ¢q,s"+-+q,

where L >0 is the time delay. In this section, the admissible
ranges of the parameters (k,, k;) are found, where &, is the
proportional gain and k&, is the derivative gain. The exact
range of stabilizing (k,, k;) values is difficult to determine
analytically. In fact, the problem of determining the exact
range of stabilizing &k  values analytically is solved for the
case of a first order plant with dead time [6]. Therefore, instead
of determining the exact range of &, (or k;), a necessary
condition will be used to get an estimate of the stabilizing
range.

Let us first fix the notation used in this paper. Let R denote the
set of real numbers and C denote the set of complex numbers
and let C_, Cy, C, denote the points in the open left-half, jo -
axis, and the open right-half of the complex plane,
respectively. The derivative of a polynomial or a quasi-
polynomial ¥ is denoted by Y¥'. The set H of stable quasi-
polynomials are,

H= {‘P(S) € R[s] WY(s)=0=>s5€ C_}
The following result will be used in determining the admissible
values of kp (alternatively k).

Lemma 1: [10] Consider the quasi-polynomial,

Y(s)= izr: h,s"" e

=0 [=1

such that T, <1,<...<1,, with main term hor;tO, and
T, +71,>0. If W(s) is stable, then Y'(s) is also a stable
quasi-polynomial.

The characteristic function of the closed loop system formed
by the PID controller and the time delay system (2) is given by,

WY, (s)=sO(s) + (ks + k,s+k, Ye ©)

Since the term e~L5 has no finite roots, the quasi-polynomial
¥, (s) and ¥(s) = ‘I’l(s)eLS have the same roots, therefore
stability of W(s) is equivalent to stability of ¥,(s), see [10].
In the sequel, the quasi-polynomial,

P(s) =sO(s)e" + (k,s* +k s +k) )

will be used to study stability of the closed loop system. Now,
using Lemma 1, if W(s) is stable then ¥'(s) is also a stable
quasi-polynomial, where W¥'(s) is given by,

¥(s) = ((Ls+DQ(s) +50'(s)) " +2k,s+k, ()

Note that only two parameters (kp, k;) appear in the
expression of W'(s). By Lemma 1, stabilizing W'(s) is
equivalent to calculating the admissible (kp, k,) values for the
original problem.

The D-decomposition method [11, 12] is used to determine the
stabilizing regions in the (k,, k;) plane. The D-decomposition
method is based on the fact that roots of the quasi-polynomial
(5) change continuously when the coefficients are changed
continuously. Hence, a stable quasi-polynomial can become
unstable if and only if at least one of its roots crosses the
imaginary axis. Using this fact, the (kp, k;) plane can be
partitioned into regions having the same number of roots of (5)
in the left half plane. Stability can be checked by choosing a
point inside a region and applying classical methods such as
the Nyquist criterion.

Evaluating the characteristic function at the imaginary axis is
equivalent to replacing s by jo, ® >0 in (5), we get:

Y'(jo) =(R(®) - Lol () — o] (@)) cos(Lo)
- (a)LR(a)) + @R ’(a))) sin(Lw) +k,

+j[(R(®) - Lol (w) - oI (o)) sin(Lo)
+(wLR(®w)+ oR(w))cos(Lw) + 2wk, ]

O

where

O(jo) = R(w)+ jl(w) )

and

Q'(jo) = R'(0) + jI (@) ®
Applying the D-decomposition method implies equating the

real and imaginary parts of (6) to zero. Two cases must be
considered:

* Casel: ® = 0 which leads to the following equation,

k, =-0(0) ©)

* Case2: ® >0 in this case we get,

k, =—(R(o) - Lol(®) - ol (@))cos(Lw) ~ (10)
+ (a)LR(a)) + @R '(a))) sin(Lw)
k, =[(R(@) - Lol(0) - ol (@)sin(Lo) (1)
+(0LR(@) + @R () cos(Lw) | 2w)
By sweeping over values of ® >0, the (k, k,) plane can be

partitioned into root invariant regions. Using (9), (10) and (11)
stabilizing regions in the plane can de determined.
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3. PID CONTROLLER DESIGN

In this section, first the set of all stabilizing PID controllers are
determined, this forms the set of admissible solutions for
optimization. Next, GAs are used to optimize these PID
parameters.

3.1 Stabilizing Regions

The admissible (k,, k;) values are calculated in Section 2.
Now, we go back to the original problem by considering (4).
Our method consists of fixing one parameter k, or k; and
determining the stabilizing regions in the plane of the
remaining two parameters. By sweeping over the admissible
values of the first parameter (k, or k,), the complete set of the
stabilizing regions is found. Once again the D-decomposition
method is used. For ® = 0, we get the following equation,

k=0 (12)
For @ >0 two cases will be investigated. First, let us fix &

and find the stabilizing regions in the (k,, k;) plane. Using (4),
replacing s by jo and equating the real and imaginary parts to

Zero we get,
cos(Lw) - cos(Lw) |:k :| k wsin(Lw) + ol (w)
sin(Low) - sin(Lo) ||k, —k @ cos(Lo) + R (w)
3)

Note that the matrix at the left-hand of (13) is singular. The
singular frequencies [11] are determined as the solutions of
Eq. (14),

k,+1(w)sin(Lo)— R(w)cos(Lw) =0 (14

and are denoted by ;, i = 1,2. For each singular frequency
®;, an equation of a straight line in the (k, ;) plane is
defined by:

2 .
k,=w’k, + o,R(w,)sin(Lw;) + a)l.l(col.)cos(La)l.()1 S
which partition the plane into root-invariant regions among
which the stabilizing regions, if any, have to be determined.
Alternatively, one may fix k&, first and repeat the above
procedure. In this case we have,

k,w” cos(La)+ ol (w)

k, @ sin(Lw) — oR (o)
(16)

l:cos(La))

—wsin(Lo) || k
sin(Lw)

wcos(Lw) || k,

solving this system we get,

k(0) = o'k, + 0l(®) cos(Lo) — oR(w) sin(Lo) (17)
k,(w)=-I(®)sin(Lo) - R(®)cos(Lo)  (18)

For ® >0 the above two equations partition the (kp, k;) plane
into root-invariant regions. Hence stabilizing regions, if any,
can be found. It is interesting to note here that depending on
which parameter we fix first, either k, or k,, the obtained
stabilizing region is different. This can be explained by the fact
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that in the first case the matrix is always singular and in the
second case it is always non-singular.

3.2 PID Controller Design Using GAs

Determining the total set of stabilizing PID controllers is a first
step in the design process. Once this set of stabilizing PID
controllers is found, it is natural to search within this set,
controllers that meet extra performance specifications. Four
performance measures will be considered:

e Maximum percent overshoot (OS).
e Settling time (ST).
*  Rise time (RT). i

e Integral square error (ISE), ISE = IIe(t)Izdt where e()

is the error at time ¢. 0

Optimization is done using genetic algorithms. The first step in
this design procedure, which consists of determining the total
set of stabilizing PID controllers, is very important. It
enhances the application of the genetic algorithm by fixing the
search space, unlike other works on optimizing PID controllers
using GAs [16-18] where the ranges of (kﬁ, k;, k;) are set
arbitrary. Moreover, it improves the optimization time and
increases the chances of obtaining the global optimum.
Optimization of the PID controllers is done by minimizing
each of the four cost functions: maximum percent overshoot,
settling time, rise time and integral square error. GAs tries to
find the global optimum by evaluating many points of the
solution space in each generation. There are mainly three
operations: reproduction, crossover and mutation, used to form
new generations until a termination condition is reached [13-
15]. In what follows, we briefly describe the parameters and
tools used in the implementation of the genetic algorithm:

1. Since stability is an essential property for any control
system, the search space consists of the stabilizing values
of the PID controller which are determined in Section 3.1.
Population size is chosen to be 150 individuals per
population. In the beginning the initial population is
randomly chosen within the stabilizing values of the PID
controller. These individuals are candidate solutions to the
problem. The number of generations is chosen as 100.

2. Evaluation of a generation is done by calculating the cost
function for each individual. Since minimization problems
are considered, the fitness function will be the inverse of
the cost function.

3. Genetic operators: reproduction, crossover and mutation
are used to form new generations. Individuals are chosen
for reproduction according to their fitness value. Fittest
ones have larger probability of selection. The Roulette
Wheel selection method is used.

4. In order to improve next generations, crossover which is a
process of combining parts of the parent individuals to
produce new offsprings is done. Crossover value used is
0.8.

5. To avoid local minimum and explore new parts of the
search space, mutation process is applied. It consists of
randomly modifying individuals in the generation.
Mutation probability is always set to a small value so that
the search algorithm is not turned to a random search
algorithm. The value chosen in our case is 0.01.

6. Steps 2-5 are repeated until a termination condition is
reached. The maximum generation termination condition
is adopted.
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4. ILLUSTRATIVE EXAMPLES

In this section two illustrative examples are given.

4.1 Example 1

Consider stabilizing the second order integrating system,

11.32
G(s)=———=_¢
() s°+11.32s

by a PID controller. This transfer function represents a system
composed of master-slave parts. The slave part is a model of a
mobile robot which can move in one direction [19]. This robot
is controlled through a communication network which
introduces delays in the control loop. See [19] for more details
about this system. First, the admissible values of (kp, k) are
calculated, see Fig. 1.

-

(19)

Figure 1. Admissible values of (k,, k)

The first approach proposed, consists of fixing £ and using
(12), (14) and (15) to determine stabilizing regions in the plane
of the remaining two parameters. By sweeping over the
admissible values of k , the complete stabilizing regions of

(kp, k;, k;) values are found as shown in Fig. 2.

Alternatively, we can fix k; and use (12), (17) and (18) to find
the stabilizing regions of (kp, k;, k,) values as shown in Fig. 3.

Fixing k; = 0 is equivalent to using a PI controller. For

k; = 0, we obtain the stabilizing region of (k,, k;) values as
¢ o p i

given in Fig. 4.

Using this stabilizing region of (k,, k;) values and applying
the genetic algorithm described in Section 3.2, to minimize
each of the performance indices: maximum percent overshoot
(Optl), settling time (Opt2), rise time (Opt3) and integral
square error (Opt4). We obtain the step responses of the closed
loop system as shown in Fig. 5.
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Figure 2. Complete set of stabilizing PID controllers for
Example 1
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Figure 3. Complete set of stabilizing PID controllers for
Example 1
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Figure 4. Complete set of stabilizing PI controllers for
Example 1
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Step Resporse
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Figure 5. Step responses of the closed loop system

4.2 Example 2

Consider stabilizing the first order system given in [7],

1 .
GS :—eflgs 20
) =511 0

by a PID controller. For comparison reasons, we apply three
classical methods. These methods are: Ziegler-Nichols method
(ZN), Chien Hornes & Reswich method (CHR) and finally
Cohen-Coon method (CC). After obtaining the stabilizing
regions of (kp, k;, k;) values, we apply the genetic algorithm to
minimize the four performance indices described in section
3.2. Step responses of the closed loop system obtained with
classical methods are given in Fig. 6.

St onse
e B
—N
—CR]
1A —cC
12+ B
1L
Sur f
08 4
o4l 4
02l 4
0 I | | I I I I | I
1] 5 10 15 p- 1] 25 0 k] 40 45 0
Time(sec)

Figure 6. Step responses of the closed loop system for
Example 2

Determining the set of stabilizing controllers and using GAs to
optimize these stabilizing values, gives the step responses
shown in Fig. 7.

Step Respose

L L L | L | L | L
00 5 10 1% 2 25 D B 0 45 0

Time(sec)

Figure 7. Step responses of the closed loop system for Example
2

Table 1. Results obtained by different methods

Method | (kykikq) 0s | ST RT ISE
(%) | (sec) (sec)
ZN (1.28,0.22, 1.8) 7.9 249 5.9 3.17
CHR (0.64,0.21,0.9) 9.1 24 8 3.75
cC (1.69.0.39,1.49) | 51 329 5.8 3.33
Opt 1 (0.52,0.14,0.28) | 0 19 9 4.77
Opt 2 (0.84.0.22,0.39) | 49 13 7 3.73
Opt 3 (1.69.0.35,0.55) | 58 48 6 4.32
Opt 4 (1.22,0.35.1.67) | 21.7 | 21.9 5.9 2.95

As can be seen from the results in Table 1, our method which
consists of determining the total set of stabilizing PID
parameters first and then applying genetic algorithms to
minimize certain measures of the step response of the closed
loop systems, gives better results when compared to classical
empirical methods

5. CONCLUSIONS

In this paper, a new method is given for calculating all
stabilizing values of a PID controller which is applied to a
special class of time delay systems. The proposed approach is
based on the application of the D-decomposition method. The
genetic algorithm optimization method is then applied to find
among those stabilizing controllers those that satisfy further
performance specifications. Four time domain measures,
which are maximum percent overshoot, settling time, rise time
and integral square error, were minimized. Application of the
proposed method to uncertain time delay system is under
investigation.
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ABSTRACT

This paper proposes a decentralised controller design procedure
for weakly coupled systems. A key feature of the design method is
that the problem of designing a complete decentralised controller
is replaced by several simpler local design problems. This is
achieved by introducing a decomposition condition, which
imposes local design constraints. This means that the design of
each local controller is completely decoupled from other
controllers. This has both design, and computational benefits. For
the design, as long as each local controller satisfies the local
decomposition condition, its design will be independent of the
other controllers. In turn, this facilitates tuning and commissioning
of the controller and the various design stages such as the choice of
weighting functions. Most importantly this means that each of the
loop-controllers is locally tunable. To achieve this, the
decomposition condition is combined into a set of linear matrix
inequalities (LMIs), then a sub-optimal robust solution for this
type of control problem is obtained. The approach has been
applied to several numerical examples and used for a case study of
a gas turbine engine controller design.

Keywords

Decentralised Controller, Large Scale Systems,
Decomposition, Assignment Problem.

System

1. INTRODUCTION

Despite great advances in the design of centralised controllers
for multiple-input multiple output (MIMO) systems, the
predominant preferred choice of controller strutted in the
industry has remained decentralised. Decentralised controllers
are composed of several sub-controller with each of those
being responsible for a portion of the MIMO system being
controlled [1-3]. Traditionally, these controllers where
attractive due to their reduced computational requirements.
These days, computational power is a secondary issue,
nevertheless, decentralised control still remains the preferred
choice of control structure in the industry for other reasons
such as maintenances, operation, modeling costs, installation
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and commissioning (see [39] for an excellent discussion on
this issue).

A system which is particularly suited for decentralised control
consists of a number of interconnected subsystems. When the
couplings between these subsystems are “weak”, this special
decentralised structure can be approximated by a dominant
block-diagonal structure plus an error or perturbation term that
consists of all the coupling parts of the system [2, 6, 10]. The
stabilisation of the overall system can then be replaced by the
stabilisation of the dominant block structured system subject to
a decomposition condition [6, 18, 20, 21].

Owing to the difficulty of enforcing a decentralised structure
on a control system which includes an observer/estimator, the
majority of decentralised control techniques are frequency
based methods [3, 10, 11, 19]. However, during the last three
decades two distinct groups of decentralised control
techniques have emerged within the frequency domain
techniques. One group are the more classical methods such as
the sequential loop closing or the Nyquist array methods [38].
The primary advantage of these are their simplicity and the
fact that each sub-controller is designed separately. This
makes these controllers locally tunable. However, these
classical techniques have the downside the results were not
optimal and it was difficult to impose important system
characteristics such as robustness.

The other family of decentralised control techniques are based
on the more modern optimal control theory. In general, they
have higher performance and can be made to be robust against
system uncertainties [11, 16, 19, 37]. The downside is that,
although the structure of these controllers is decentralised, the
controller design process is still centralised and the controller
is treated as a single entity. It is therefore designed as a whole,
and individual sub-controllers cannot be redesigned or tuned
according to specifications. This is not desirable since
industrial user often require in-situ tuning of their controllers
after they have been designed and installed. Moreover in many
process applications the control systems are usually tuned and
commissioned in a loop-by-loop manner [17].

This work draws inspiration from these two families of
techniques by proposing a method which uses advanced
optimal control theory to design decentralised controllers
which are locally designed and tunable. This means that each
local controller can be designed without knowledge of the
other controllers in the decentralised controller, but the overall
decentralised controller is guaranteed to be stabilising. It is
shown here that in this context each local controller may be
designed by solving a convex optimisation problem formulated
using linear matrix inequality. Efficient interior-point
algorithms are now available to solve the generic LMI
problems [4, 9].
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The remainder of this paper is organized as follows. In Section
2, a frequency domain sufficiency condition is used to
decompose a system into a number of decentralised
subsystems (see Theorem 2.1). By Lemma 2.1, this
decomposition condition can be transformed into infinity-norm
constraints where each constraint involves only the
corresponding local controller local nominal subsystem
respectively. In Sections 3 and 4, this infinity-norm constraint
together with the optimal criteria are integrated into a single
LMI problem, which allows each local controller to be
designed and implemented separately together with its local
sensors and actuators. Finally in Section 5, the developed
formulation is demonstrated by presenting step by step
solution of 3 examples which include a spring mass friction
system and a twin-spool gas turbine engine.

2. SYSTEM DECOMPOSITION

In this section, first, a decomposition condition is presented
which shows when the stability of a large system can be
inferred directly from the stability of its diagonal (local)
systems. Then, an upper bound is found for this condition
using the infinity norm which allows for this to be integrated
into the subsequent LMI problems.

V4 u

—

\

K(S) G(S)

Figure 1. Closed-loop system

Consider a linear feedback system as shown in Fig. 1, for
G(s) e ﬁ” *7(s) where &"*™(s) is the set of nxm ratlonal
proper transfer function matrices. G(s) has p, unstable poles
and can be described in the following form,

G, (s) Gp(s) Gy (s)
Gsye| G2®) Gal® - On® |
Gyi(s) Gpa(s) Gyy(s)
Let
G(s) =G (s)+A(s)
where
G(s) = blkdiag{G,,(s), G,,(s),*+, Gyy (5)}
A(5)=G(5) = G(s):= (A7 () | As(s) |-+ A, (S))(z)

where

7 (s);
-, N; zi]\ilni =n.

A (s) e Ry (s); Gy(s) e R,
N>Lij=1,2
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The nominal system is G(s) with P, unstable poles and
A(s) € RH,, represents the inter-connection between sub-
systems. A(s) is partitioned vertically into N block matrices
Alo(s) and it is noted that it can also be regarded as the
uncertainties of a system [14, 18], where the uncertainties are
always assumed to be in RH_. Let K(s) be a decentralised
pre-compensator with the following structure,

K(s):=blkdiagiK, (s), Ky (5), -, Kyy (5)5,

where K,,(s) € &) "ixMi(s), i = 1,2.In Fig. 1, Y(s) and V(s)
are vectors representmg the output and input of the this closed-
loop system, respectively. The transfer function matrix H(s)
of the overall closed-loop system is:

Y(s)=H(s)V (s) = G()K () +G(s)K(s)] 1V(S)

The return difference matrix is:

I+G(s)K(s)=R(s)+0,(s) (5)

where

R(s)=1+G(s)K(s)
0, (s)=A(s)K(s)

Note that R(s) is a block diagonal matrix. The following
theorem provides the condition that if the interconnection
Qx(s) is “weak” relative to R(s), then the stabilisation
problem is reduced to the stabilisation problem of the nominal
system G(s) only.

Theorem 2.1 [6, 7] Let I+ G(s)K(s) have a regular splitting
(Regular splitting of a matrix means Z = A+ B where A is
invertible) I+ G(s)K(s) = R(s)+ Q,(s), where G(s) and
G(s)  have p, unstable poles. The closed-loop system as
shown in Fig. 1 is asymptotically stable if

C1): K(s) stabilises the nominal system G(s),and
C2): p(O,(s)R7'(s)) <1, for all seD,

where D is the usual Nyquist contour.

(©6)

If G(s) is chosen to be a block-diagonal system matrix, then
the above decomposition theorem enables us to approximate a
block-structured system by a block-diagonal nominal system.
The error of this approximation will be A(s). The positive
quantity p(QA(s)R‘l(s)) is a measure of the size of the inter-
coupling between sub-systems. If condition (6) is satisfied,
then the system (1) is called a weakly coupled system.

Theorem 2.1 enables a system to be decomposed into N
subsystems, each with its own local controllers K (s) which
can be designed, tuned and commissioned separately
However, the decomposition condition (6) involves K(s)
which consists of all the local controller K.(s). The
consequence is that this condition is not “local”, i.e. at the j’h
local design, condition (6) depends on all other local
controllers K (s), j=1.. Therefore a full decomposed
design structure cannot be reahsed The following section will
show how this problem can be ratified by relaxing this measure
to arrive at a full decomposition condition.
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Proposition 2.1 [7, 14, 18] The system (1) is weakly coupled
and can be decomposed if

C3): p(O, (IR (N ORI <L, @

Note that (7) ensure (6) to be satisfied. The following lemma is
needed to obtain the full decomposition condition.

Lemma 2.1 Let A(s) /?;’ *n(s), then

1 A LS VN - maxicjen |l 4,() 1],

where

A(s) € RH,, and A(s) = (A, (s)| 4,(s)|+| 4,(5)),
AR Y = n.

Proof: It can be shown that

LA I sup 0, [ 4" (jo) A(jo)]

0<w<wo

= supo,, [ZA,- (Jo) 4 (jo)]

0<@w<o i=1

< Y suwp o, [4(jo)4 (jo)

i=1 0<w<oo

< N-max_., | A .

®)

Taking the square root on both sides yields the result.
Note that the matrix

Ky($)= (G ()1 G (5) 0] G () |-+ Gy () )

is a sub-matrix of A(s) and,

O\()R'(s) =
(A K R () | A KR (5) |-+ | Ay K o R (),

©

where

R,(5):=1+G,(5)K,(s), j=1,2,-,N

Thejth-column of QA(S)R_I(S) depends on ij(s) only.

Corollary 2.1 System (1) is weakly coupled and can be fully
decomposed if any one of the following conditions are satisfied

CH: O (R ()<

) ] (10)
¢ max ” Aj(S)ij(S)Rjjl(S) ||oo< 1,
J

where ¢ = JN
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C5): || A(s) Il ‘max || K ; ()R} () ||, <1 (1n)
J

Proof: If O,(s)R"!(s) € RH,_,, then C4) follows from Lemma
2.1 and (9). Condition C5) is due to the observation that

10, ()R (5) L=l Als) - blkdiag {K ()R, (s)} I
=[1AG) I, ‘max; | K, (s)R ' (s)],

By using (10), the decomposition condition (C3) can be
satisfied if

| ASK (R () .<1, Vj=1,2,---,N
(12)

or

|| A(S) ”oc : ” ij(s)Rjjl(S) ”oogla VJ = 1929' "3]2/13)
Conditions (12) and (13) have an important property: they are
dependent on K (s) and Gj(s) only. As long as this is
satisfied for all j = 1,2, ...,Af, the decomposition condition
(6) can be satisfied. This feature is useful in the decomposed
design framework since it allows one to concentrate on the
design of the jth local controller and it can guarantee that the
local design will not destabilise other subsystems. In condition
(12) both the phase and magnitude of A2(s) are available to be
used by Kj(s) to reduce ||A;’(s)K]j(s)R]}1(s)H. However, in
condition (]13), the phase information “is lost due to the
factorisation of [|A(s)| which could make the inequality more
conservative. On the other hand, condition (13) only requires
state-space realisations of K‘/.(s) and R.‘jl(s), thus making the
resulting LMIs simpler and’ smaller. Since A(s) has a zero
diagonal, it can be reduced into a new matrix A?(s) as follows,

A()=(G, )]G, ()| Gy () |-+ GN,A'(S))’

(n—nj )xn .

erR, 7 7 (s) (14)

With this alternative representation and since

1A, (K ; ()R, () Il =l AT (K ()R} (5) ..,

the dimension of the realisation can be reduced.

3. DECENTRALISED STABILISATION

In this section, we will first give some sufficient conditions for
stability of decentralised systems, and then present a design
algorithm for these decentralised controllers. Let the state
space realisations of Gj/-(s) and K]-j(s) be,

A. | B.
B e/ e
Gy(s)= c. 1o

J

LKy ()=
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Then from [13] it follows that,
(B, OYAY,+Yv4, Y., (B, 0

~ JrJ <O
(I+G (K () = 0 I\ Gy, -1 )0 I
22
Ajf _ij DK Vi ij B]l CK]']‘ Bjj DK Vi ( )
-B, C, A B (16) 4
K i Kjj Kjj X 1 >0 (23)
I Y
[—Cj o] I /
ond where
P A cc)c, 0
A(s)= an oo o4, ) o —cc, )
J J (24)
Similarly,

B,

J

(B B)). ¢,=(cC, 0), j=1,2,,N

J Vi

and N(X) denotes the null space of X, and X, denotes a
matrix whose columns span N(X)

Aj (S)KJ-J-(S)(I-F Gj] (S)Kji (S))—l —

Proof: Using the Bounded Real Lemma (see [4, 14]), it can be

where shown that
-1
Aj —BjDij ij B‘iCK” AA/(S)K]'/'(S)(I‘FG]j(S)ij(S)) 5
Aj =0 A./.'/' - Bj/.Dij C./'j BijKj/ (19) is stable and
0 - BK i C_/j/ AK y
i Ji
-1
cllA; (K ; ()T +Gy()K () [l <1
B/‘DK if there exists a positive definite matrix P/. such that
B, =|B,Dy |,C;=C,00,D,=0 5 .. .
PA +A'P PB. cC'
BK i J i J
o BJ.'R. -/ cDJ.' <0 (25)
Theorem 2.1 and Proposition 2.1 imply that condition C1) is C", 15 I
satisfied if the transfer function matrices L, et -
4 Therefore it follows from Theorem 2.1 that Theorem 3.1
ij (S)ij(S)([ + ij (s)ij (s)) holds if (25) holds. Let

is stable for j = 1,2, ..., N. Thus, the following decentralised
stability condition is obtained.

A 0 0
J
Theorem 3.1 There exists a controller (3) such that the closed- o ._
loop system shown in Fig. 1 is asymptotically stable if there AO/ =0 4; 0],@;:= 0 -1 0
0 0

exist two positive definite matrices X, and Y] of appropriate () cé 0 _J
dimensions such that the following linear matrix inequalities 7
(LMIs) hold: P 0 0
/ B B. 0 0 0
A= 0 1 ol =|] 7 7 :
AX +X A +C.<0 21 0 0 1 0 0 A0 Io
JAGT AT @D (26)

40
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oo & )

C D (26)
= | N j=1,2,--,N
! Ay By ’ B
i i
Then, (25) is equivalent to
- - / 97
O, +AJILEY, +(AILEY;) <0 (27)
From [12], it can be seen that (27) is equivalent to
¥L0, <0, 28)
! -1 -1
A @ AT, <0 29

After some algebraic manipulations, we can show (28) and
(29) are equivalent to (21)-(23).

Finally, we show that the stability of the state-space realisation
(18) for AK; (1+ G K ) 1 1mp11es the stability of (16); that

is, K., sta 1lses G Wlth j = ,N. From (19) and the
stablflty of the state- space reahsatlon (18)  for
1
A]KH(I + GJJKH) , it follows that,
1 - 30
Md)cc (30)
where C” is the left hand complex plant. Therefore,
Ay = B;Dy g Cyi BiCx g -
A B. C 4 cC 31
UKy Kj

and the proof is completed.

The criterion of Theorem 3.1 is given in terms of Linear
Matrix Inequalities (LMI) and thus has the following
advantages: 1) it does not involve any parameter tuning and 2)
it can be tested numerically efficiently using interior point
algorithms that have been developed for solving linear matrix
inequalities [4, 5].

The following is a design procedure for finding a stabilising
ij that satisfies the decomposition condition (12).

Step 1. Find Xj and Y,

Find positive definite solutions X; and Y] that satisfy
LMI's (21), (22) and (23).

Step 2. Determine matrix Pj:

Let

K; = rank(l —Xij)S n, (32)
where n; is the order of the given subsystem. Then,
compute two full-column-rank constant matrices

M, N, e R"™% such that,

41

MN;=1-XY, (33)

Next, find the unique solution P;e RJ*%)*(m+x)
from the following linear equation,

I v (x, I
P, = (34)
o N, )M, T

Note that (34) is always solvable provided that Y >0 and M
is of full column rank [15].

Step 3. Construct a set of parameterised controllers ij :

Then, for a glven P
controllers is given by

a parameterisation of a set of

AK . BK..

= — 7 J]
K =1 Ky ) Cy Dy (35)

J J]

O +ATIE W +PE T A, <0}
J J 7 J J 7 7

4. DECENTRALISED Hx OPTIMISATION
PROBLEM WITH CONSTRAINTS

In previous sections a decentralised stabilisation problem is
given. In this section, this problem is extended to a
decentralised H_ optimisation problem. For the] subsystem
design, the ObJeCtIVC is to determine the]t local controller K.
which stabilises the subsystem G;. subject to condition C4/f
Ji

This problem can be re-stated in a constrained H_ form as
follows:

Let v be the external input, z = v—y be the error of control,
and u is the control input to the system G . For simplicity, the
additive perturbation is assumed to be zero for clarity (note
that this additive perturbation can be absorbed into condition
C4) or C5).

Then the optimal local controllers can be found by solving the
following problem:

P, minHE [(Py(5).K, (s))”w (36)

subject to conditions C1) with

G(s) = blkdiag {G ,(s)} ,and K (s) = blkdiag { K ,(s)}

and condition C4) of Corollary 2.1

where

Ej(ij(S)a
=F,(s)+B,(s)

K, (s)=(I+G,(6)K ()" -
K ()~ Bo(9)K () By ()

with
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Bi(s)=1, R,(s):=-G,(s),
Py (s):=1, B,y(s)=—-G;(s)
In the following, the more general case of the weighted H

considered. Let W(s) and W(s) are stable weighting factors
with realisations,

(38)

3 w. W,
wis)=| < V| Wis)=| ¢ | a9
' Wy Wy) Wy Wy

If there exists a controller Kj (19), is stable,

such that ilj,
then ij can be found by

minl(j/. || VV](]'F ijij)_l ||oo

subject to

c||WAK (I+G,K ) ,<

Let z; and Z, be two controlled output Wlth appropriate
J J

d1mens1ons respectively, w. and u; be the] disturbance and

the " control input with appropriate dimensions respectively,

and suppose that

;=W (U +Gy()K () w (40)
2, =W (A (K (5T + G (5)K () w,

In order to apply the results in [8], the systems need to have a
common system matrix (AI‘.J) and control matrix (Bj‘.’) Jd.e.,

(4] B
O “
) (4B
W (A K ()T +Gy(OK (" =] =,

J
where
Waj E) ~() 0 —chﬂ
o w, w,C, 0 0
qo—| 00 4, chij =%, i
J
0 0 0 AK.« _BKC/J
J Jo
0 o0 0 B; CK i 4= B, DKI/ <

42

by
0
B = B-"DK«/:;
B
K (42)
BJJDij
G '=(Wc' 0090 _Wd/q‘/)’
Ci=(0 W, cw,C, 0 0)

Similar to the proof of Theorem 3.1, from the Bounded Real
Lemma (see [4, 14]), it follows that

| WJ(S)A‘ (K (DU +G (K ()7, <1,
IW ()T +G (K () |, <7

if there exist two positive definite matrices X“ and Y“ such
that

4 X5+ 4 X5 By XGC,

By -1 0 <0 o
coxe 0 -1

AX AT B YC)
B_l‘." -yl Wd].' <0 (44)
W,

A common approach of turning an H_ optimisation problem
into a convex problem [8] is to use a common Lyapunov
matrix X¢ = Y¢ for (43) and (44). Therefore the problem P,
of (36) can be converted into solving the following suboptimal
H__ synthesis:

Pl:mi?y @5)
i
subject to conditions (43) and (44) with X]“ =
Thus, (41) and (42) become,

e,

X Wy O 0 WyCy | *n
Xp| | O Wy WG 0 Y2
Xj3 0 0 AJ 0 e
i) lo o 04k,
+ 0 w, + 0 u,

0 J BJ J

0 Bjj
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X
z=(w, 0 0 -w,C,) S ew,w +0u,

X
~ ~ X
g=(0 W, cW,C, 0) 7 |+0w,+0u,

(46)

where X and w; (I=1,2,3,4) are states and disturbance
input w1th approprlate dimensions, respectively, § is the state
of the ]’h local compensator. For convenience (46) is rewritten
in the following simple form,

) ) @)
X, AVx;+B""w; + B,”u,

_ 0)
z; = G'x;+Dyw,,

(47)

s _ A
z;, = CG'x,

— C(j)
V; ) X W,

where x; = (xiilx'jzx'ij'J.4) , and all matrix parameters can be
directly determined by (46).

Let 4/ e %" and kj be the order of the /™ subcontroller,

then the positive definite matrix X% € R(ﬁf+kf)x(h/+kf) and
X/?”l can be partitioned as follows:
a _ Rj M J a-1 _ S J N J
VA ' > ! ’
M;" U, NV (48)

R,S, eR’"/

Define,

43

By = N_].Bij +S By )DKj_j

J
CK].]. :CK..M;‘ +DK..C§j)Rj

‘ (49)
Ac, =N A M +N, By C(’)R +

S ngﬂcKﬁMj +8,(A47 + B§-’)DK/_/_ CY")R,

and let,

A(J)R +R AW +B(/)C +C vB(j)
m= ij +(4Y) +B§")D1<jj C2(.1))
*

) Y W 4 Uy
AVS +S8,4Y +Bijsz +Cy BKJJ_'

g BB D (S8 + By )
2 C'R, cV
— 7/] *
\Pﬂz = D(j) _y]J (50)
A(/)R +R AW +B(/)C ; +C vB(j)
PE A (U0 +BYD, CPY
J

v
*

AVS +8 4V +B, CY+CY' By !
JI J

(Bl(j) +B§j)Dij )’ (SjBl(j) +BK1-]- )’
Cl(j)Rj Cl(j)

— *
0 -y

Then the following results can be obtained.

Theorem 4.1 The modified suboptimal problem P of (45) is
solvable if and only if the following convex optimisation
problem P, is solvable:

cDjZl =

P : min
¢ A By, Cr; Di R, '=Rk,.,sj'=sj7/ (1)

subject to

/ >0 (52)
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‘"Pju *
<0, (53)
\P_/21 Vin

(O *
Jj11 < 0 (54)
(D]‘ZI @ i22

J

Proof: The proof is similar to [8].

From Theorem 4.1 and [8], we can determine the jth
subcontroller as follows:

Step 1: Determine A , BK CK DK, R = R‘/
S = S“ and y>0 froﬂ’l conv’ex opf1m1sat10n problem

én.

Step 2: Find full-rank M
MN' =17- RS

Step 3: Compute BK CK and A
Step 4: Set K,(s) = D +C1< (S[ A ) 1By
In this case, K (s) is the smallest Y such that (45) holds.

and N] such that

5. EXAMPLES

In this section three examples will be considered. Example 1
demonstrates the effectiveness of the algorithm in Section 3
where only a decentralised stabilising controller is designed.
Example 2 solves the optimisation problem via the H_
method, where weighting functions are introduced to
emphasize the low frequency effect on the /_ -norm in order
to obtain good step responses and in Example 3 the procedure
is used to design a decentralised H,_ controller for a
benchmark gas turbine engine problem [36].

5.1 Example 1

Consider the following two-block system,

G(s) _(Gn(s) Glz(S)J _ (55
G, (5) | Gypu(s)

—s+2 -1 0.125s 0.125s +0.375

s =3s+3 s7=3s+3 | 57 +3s5+3 % +3s+3
1 —s+1 0.125 -0.125s -0.25

s =3s+3 s’—3s+3 | s> +3s+3 s* +3s+3
0.35+0.6 -0.6 —s+2 s—1
s 435+3 s7+3s+3 | 7 =35+3 s —=3s+3

0.15 0.35+0.3 —-25+2 2
S 4+35+3 s7+3s+3 | 7 =35+3 s —3s+3

with decentralised controller:

K(s)= BLKdiag K, (5),K,,(s)}

where K, and K,, are two 2x2 sub-controllers. The
minimal realisation of Gl.j can be obtained as follows:

G (s)=
Glz(s): s
-1 —2‘3 0 (56)
05 =210 3
Ca()=1517"0 1o of
lo 0
1
0
GZZ(S): 0

Step 1: Two pairs of the solutions from (21)-(23) are found as
follows,

0.055 —0.112 0.001 —0.009
~0.105 0327 0019 0.013
71 0009 0017 0443 —0.056
0009 0013 -0.056 0.276
150 1732 1.084 —-6.639
1212 69.74 2.607 ~—1.74
Tl 099 2597 2517 0224
6432 —1.812 0223 4387
5009 —4330 —1.824 —0.867
4330 73.88 045 —0.098
2711824 045 1226 —0.034
_0.868 —0.098 —0.034 0.379
0.064 0.020 0.063 0.116
10020 0236 0.127 -0.07
270,063 0127 0.948 0.159
0.116 —0.07 0.159 3.027

Step 2: P, and P, can be determined as,
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0.056 -0.113 1.011 -1.65 0.001 —0.01
~0.106 0.327 -1.803 4.586 0.019 0.013
b ! ~1.9 23.465 -2839 0.316 —0.643
' 1-1.565 46 -2724 677  0.483 0.137
0.001 0017 0322 0468 0.443 —0.056
—0.01 0014 -0.644 0.146 —0.0560.276
523 -433 2605 17.76 -1.82 -0.867
* 739 -46.87 -17.67 0.45 —0.098
* * 3246 997 -0.62 0.298
0 T * 1025 -048 —-0229
* * * * 123 -0.034
Step 3: A pair of matrices E]., (j=1,2) can be computed
using (27), )
0.1426  0.3785 -2.4882 -—0.9835
- —-2.4403 -1.9501 0.1644 —-3.2555
1| —2.8200 —0.9386  0.3997  0.2509
0.6080 —1.5432 —-0.0404 0.7400
0.8583 -1.3772 —-0.4658 -1.9299
- —0.7750 -1.8917 2.3547 -0.3850
T2 | -1.8705 1.6675 0.7403 —0.1986
~1.2562 —5.2979 0.7596  1.2599

which finally yield a pair of decentralised controllers K/.].(s),

(j=1,2) as follows,

—-2.8200 —-0.9386 | 03997 0.2509

K, (s)= 0.6080 —1.5432 | —0.0404 0.7400 ’
0.1426 03785 | —2.4882 —-0.9835
-2.4403 -1.9501 | 0.1644 —3.2555

(57
-1.8705 1.6675 | 0.7403 -0.1986

Ko (s) = -1.2562 -52979( 0.7596 12599 '
0.8583 —1.3772 | -04658 —-1.9299
-0.7750 —1.8917 | 2.3547 -0.3850

(58

The poles of the closed-loop systems are shown in Fig. 2,
which implies that all poles of the resulting closed-loop
systems are located on the left-half plane and the system is

stable.

45

25 ; .
x®
2l i
16 —
®
=]
L |
o
y
aa = 4
W
o o - a Sw g
‘x
05+ " -
¥
o
al i
2
o
A8 1
x
ol |
w
25 1 1 1 1 1 1
s 5 + 3 2 1 [ 1

Figure 2. Poles of the closed-loop systems of Example 1

5.2 Example 2

Consider a mass-spring-friction system as shown in Fig. 3.
Suppose that the linear motion concerned is in the horizontal
direction with the reference directions of two displacements
y; and y,. The dynamical system can be represented as
follows,

u, (1) =m,

d’vy (t dy. (¢
;1;12( )"' B, ycll,( ) +hky (0)+

d(y, = »)()
dt

2
L3, p B0,

m,g+ B,
(59)

u, () =m, kyy, (1) +

d(y, —»,)@)
m,g — B, l—tz

d
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¥4

u,®

%0

)

Figure 3. Mass-spring-friction system

For simplicity let m; = 1kg, m, = 2kg,

ky = ky = By = B, = By = 1 N/m, then the transfer function

matrix G(s) between Y(s) =
Us) = |1
U,(s)

25% +2s +1 K
25 +65° + 65> +4s+1 | 25* +65° + 657 +4s5+1

Yi(s) .
and the control input
Yz(s)

is obtained to be,

Y(s)= U(s)

s s +2s+1
25* +65° + 65> +4s+1 | 25* +65° +65% +4s+1

(60)

We can consider this mass-spring-friction system as a two-
block system with weak interaction; where G (s) and G,,(s)
are the main blocks (here they are 1x1 systems), while
G,(s) and G,,(s) are cross coupling blocks. The state space
realisations of these blocks are,

-3 -3 -2 -05 |1
1 0 0 0 |0
G()=| 0 1 0 0 0h
0 0 1 0 |0
0 I I 050
-3 -3 -2 —05 |1
1 0 0 0 0 1)
G,()=| 0o 1 0 0 0bh
0 0 1 0 0
0 05 I 050
-3 -3 -2 —05 |1
1 0 0 0 0
Gy($)=G,()=| 0 1 0 0 0
0 0 1 0 0
0 0 05 00
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In order to ensure good step responses, the weighting functions
are chosen to emphasize the low frequency part;

W(s)=W,(s) =

+1 - -
,and W (s) =W, (s) =1
s+0.01

which implies equal weighting for the decoupling condition at
all frequencies. The optimal decentralised controllers is found
to be,

56)

_| &)
K=" 7 he

g,(9)

(62)

where

fi(s)=-9.844s +2.684-10"s* +8.051-10" s
+8.051-107 5% +5.367-10"s+1.342-107,

g,(s)=5"+4.202-10*s" +2.524-10" 5’
+2.576-10"s* +1.375-10" s +1.342-10°,

fo(s) =-4.9555" +7.883-10°s* +2.365-10"s°
+2.365-10"s? +1.577-10" s +3.942 -10°,

2,(s)=s>+9661s* +3.539-10°s°
+7.389-10%s +4.042-10°s + 3.956-10".

Step Response

From: In(1) From: In(2)

To: Out(1)

05

Amplitude

To: Out(2)

0.5

o T

0 5 10 15 20 0 5 10 15 20
Time (sec)

Figure 4. Step responses of mass-spring-friction system
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5.3 Example 3

The composite model (engine+actuator) of this twin-spool jet
engine has 21 states, three inputs and three outputs. The inputs
are the Fuel Flow (FF), the Inlet Guide Vanes (IGVs) and the
Nozzle Area (NA), and the outputs are the Low Pressure Spool
speed (NL), the High Pressure Spool Speed (NH) and the
Surge Margin (SM). The schematic of the engine is shown in
Fig. 5.

LowPressure Ic_:owPressure HighPressure g:i:g:::sss:e
Spoolspeed Ssergzressor Spoolspeed speed
—r /—
[\ ¥

N

o
ID

LowPressure HighPressure CombustionBYPass HighPressure| b osqre Nozzle
Compressor Compressor Chambers Passage turbine turbine

Figure 5. The schematics of the twin-spool get engine

All the inputs and output variables are normalised based on
their operating points. The method outlined in [35] is used to
pair the inputs and outputs. Subsequently, W is computed as
follows,

NA FF IGV
9.1226 0.39616 0.0057| SM
W= (63)
0.4002 0.1282 0.0248| NL
1.5014 0.8043 0.2622| NH

The optimal input and output permutations are {3,1,2} and

{3,1,2 respectively [35]. This yields the following
decomposition structure,
FF IGVs NA
0.1282 0.024772 0
— NL
W =10.80433 0.26216 0 ,
NH * (6%
0 0 9.1226
SM
NA FF GV
0 0.40023
NL
0 0 1.5014
V= NH  (65)
0.39616 0.0057099 0
SM

This suggests that the system can be decomposed into a 2 x 2
and a 1 x1 subsystem. The decomposition also agrees with
engineering intuition. The two compressors are strongly
coupled because although the low pressure compressor can
bleed compressed air through the bypass, the high pressure one
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has to be fed by the low pressure compressor. This implies that
the two compressors make a strongly coupled 2 x2 system.
On the other hand, Surge margin is heavily dependant on the
air pressure inside the engine which is greatly affected by the
open nozzle area. The resulting controls system structure is
shown in Fig. 6 and 7. The weighting functions for the design
of K;,(s) and K,,(s) were determined as follows,

+1
VVH(S) :065S— 2x2 (66)
s+0.001
s+3
W, =097 — (67)
2(5) 5+0.007
+ /\'.\‘ FF _ N:
/“5: Kylo | N
+ [_ IGVs NH

Figure 6. Compressor control systems

* J‘-\ NA | - SM
—'-\ _)—-' Kl G

Figure 7. Surge margin control system

The open loop responses of the engine are shown in Fig. 8
while Fig. 9 shows the response of the compressor pair
subsystem, which shows that the interactions have been
reduced considerably and the overshoot is also within
satisfactory limits. Fig. 10 shows the response of the Surge
margin loop, where it is observed that the overshoot is very
small. This was achieved by a setting the gain of W,,(s) close
to 1 because an overshoot in the surge loop could lead to fatal
damage to the engine (due to the air direction reversing and
pulsating in the engine). Fig. 11 shows the response of the
overall closed loop system with the decentralised controller.

Sep Reponse

From: In(1) From: In(2) From: In(3)
P
"\\
o o5 N e
3
]
F 4] \‘
[
05 "
02 //"
g 0
3502\ J—
Booof N \_~

Ta Out(3)
\ -

04

02 B ———

Time (sec)

Figure 8. Open loop responses of the engine
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Amplitude

From: In(1) Step Response From: In(2)

15

0.8

g 06
=1
o

L 04

0.2

0

0 1 2 3 4 5 ® 2 4 6 8 10

Time (sec)

Figure 9. Closed loop response of the compressor pair
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Figure 10. Surge margin response
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Figure 11. Closed loop response of the overall system
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6. CONCLUSIONS

This paper proposed a decentralised controller design
procedure for weakly coupled systems. A key feature of the
design method is that the problem of designing a complete
decentralised controller is replaced by several simpler local
design problems. This is the key feature of this approach and is
achieved by introducing a decomposition condition, which
imposes local design constrains. This means that the design of
each K.j(s) controller is completely decoupled from other
controlljer. This has both design, and computational benefits.
For the design, as long as each local controller satisfies the
local decomposition condition, its design will be independent
of the other controllers. In turn, this facilitates the various
design stages such as the choice of weighting functions. This is
because normally the entire weighting function matrix has to
be determined at once, but here it may be determined element
by element. In other approaches where the decentralised
controller is designed as a single multivariate controller (see
for example [37]), if the responses are not satisfactory, it is
difficult to know how and which weighting function have to be
modified. In the proposed technique however, since each sub-
system has its own associated weighting functions, it is straight
forward to adjust the weighting functions of the concerned
subsystem. In this sense each of the loop-controllers is locally
tunable.

Naturally, the decomposition conditions will introduce some
levels of conservatism, nonetheless the advantages are that the
decomposition condition and the H_ design criteria are
combined into a single LMI optimisation which yields local
controllers that only use local actuators and sensor
information. The formulation can also deal with additive
uncertainty, as this can be absorbed into the term A; and then
be factorised out similar to (13). Therefore the same produce
can be used to include this type of system uncertainty. The
derivation is a straightforward extension and is thus omitted
here for clarity.
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